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Sequential Monte Carlo Sampling for DSGE Models

Edward Herbst and Frank Schorfheide

A  Proofs For Section 4

A.1 Preliminaries

Throughout this section we will assume that h(f) is scalar and we use absolute values |h| instead

of a general norm ||h||. Extensions to vector-valued h functions are straightforward.

For the subsequent derivations it is convenient to define the incremental weights

0 (6) = S ply B
Recall that Z,, = [[p(Y|0)]*"p(6)d6. Thus,
Br, (00)0n(0)] = [ BO) (Y100 (VIO d = B [6)). (A1)

In turn, we can write

i U”(eflfl)wjlfl
% ZZN:1 On (0, 1)W1

t =
and re-express h, y in (6) as

1 N . , .
LS h(@ Yo (65 )W
DN = NZ’L 1 ( 1) ( 1) 1' (A—2)

NZZ 1’Un((9n 1)Wl

>

We will make repeated use of the following moment bound for r > 1

E[|X - E[X][']

IN

2 E[IXT] + [EIX]]) (A-3)

< ¥E[|x[].

The first inequality follows from the C, inequality and the second inequality follows from Jensen’s

inequality. We will also use the fact that if h € Ha, then there exists a §* > 0 such that ||h[|?+% €
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‘Hi. Recall that Ho is defined such that h € Hs implies that there exists a 6 > 0 such that
[ I1R(0)[*+0p(0)dd < co. Now let 6, = §/(1 + €) where ¢ > 0. Thus, we can find § > 0 such that

e 5
(In(8) ]2/ A+ F2 = (o) |2+,

which shows that ||h[|?>T% € H;.

Finally, we will make use of a central limit theorem of the following form:

Theorem 5 Let Fn be a sequence of o-algebras. Suppose the sequence of random variables X; has
the properties

(i) BIX,|Fx] = 0;

(ii) E[X7|FN] = o}

(m) N E 02 &5 52

(iv) There exists a § > 0 and a sequence of random variables My such that

LSV E[|XG 2P Fy] < My 25 A < 0.

Let N denote the set of events for which the almost sure convergence in (iii) and (iv) fails. Then,

except for events in N :

(0,0?).

1 N
mP IR

It can be verified that the conditions stated in the Theorem 5 imply that the Liapounov con-
ditions are satisfied. One can also verify that the regularity conditions for the CLT presented in

Theorem 7.19 of Pollard (2002) are satisfied.

A.2 Correction Step

Proof of Theorem 1: Almost-Sure Convergence. Note that since p(Y|#) is bounded and
¢n - an—l <1

B, [|1(0)]°|[p(Y]0)]%" %1 [**7]

IN

B, [|1(0)[p(Y]0)]) %1 7]

MR, [|WO)]FF] < .

IN
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Thus, for each h(0) € Hi, v, (0)h(0) € Hi. We deduce from Assumption 2 and (A-1) that

; ﬂ)IE,Tn_l[h(Q)vn(G)]
Y Er,_, [0n(6)]

= Ex, [n(0)].

Convergence in Distribution. We use a first-order Taylor series expansion of fzn ~. Notice that

the numerator converges to E,, [h] and the denominator converges to one. Thus,

VN (hnn —Ex,[h]) = (sz 0 1)Wr_1 —Ewn[ho

~Er, BV (}V > valBh Wi - 1) +op(1)

i=1
N
= VR (i) — B[] en () Wi + 0p(1)
=1
— N(0,Q),

where

() = ot (03-1(6) (h(9) — En, [0(0)]))-

According to Assumption 1, the incremental weights v, () are bounded and v, (0)h(0) € Ha. Thus,

the convergence follows from Assumption 2. (I

A.3 Selection Step

Proof of Theorem 2: Case (b) follows directly from Theorem 1. Thus, in the remainder of the

proof we focus on Case (a).

Almost-Sure Convergence. Define F,,_; x to be the o-algebra generated by {0t ., Wi } ~,- Let

E[h(6)|F-1,n]

||M2
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and write

) 1L ) 1 Y X
b N —Er,[h] = NZ(h(%)—E[h(H)\fn—l,N])+ Z(E[h( )| Fn-1,8] = Ex, [h])

= I+11, (A-4)

say. Conditional on F,,_1 n the h(éfz)’s form a triangular array of random variables that are iid
within each row with mean E[h(é)|fn,1, ~]. Using a SLLN for triangular arrays of iid random
variables we obtain I =2 0. Moreover, we can deduce from Theorem 1 that IT % 0 and the

statement of the theorem follows.

Convergence in Distribution. Conditional on F,_; y term I in (A-4) is an average of random

variables with mean zero and centered moments of order r given by

E [\hw:;l ()| Farn ]

N
1 i 5 e
fn_l,N] = 3y 2 [100h) ~ B P
Using (A-3), we deduce that for r =2+ §

E [\h( i) — E[A(D)| Far v [

N
1 .
fn—l,N] < 22+5NE |h( ;71)|2+5
=1

=5 Er, [[RO)T] < 00

For h € Hs there exists a & > 0 such that |h|>*® € H; (see Section A.1). Thus, the almost-
sure convergence follows from Theorem 1 and condition (iv) of the CLT in Theorem 5 is satisfied.
Therefore,

VN - I|Fpin = N(0,V,[h]).

Moreover, according to Theorem 1

VN - IT = N(0,Q(h)).
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The two pieces can be spliced together as follows. Consider the characteristic function

E[exp{iuv'N(hyn — Ex,[1])}]
= E[exp{ium- ITY exp{iuV/'N - I}]

= E E[exp{ium'II}eXp{Z'U\/N'IH]:n,N]}

- E _exp{iu\/ﬁ- INE[exp{iuvV'N - T }‘fn,N]:|

= E|exp{iuV'N - IT}exp{—V,, [h}u2/2}} +RnpN-

The remainder term can be bounded as follows

Ran| < E[\ exp{iuv/N - IT}|
.|E[exp{ium- I}‘]}HN] —exp{—V,, [h]u2/2}‘]
= E[‘E[exp{iu\/ﬁ . I}lﬁn7N] —exp{—V,, [h]u2/2}@

— 0

The equality follows from |exp{ip}| = 1. Note that /N - I|F, n = N(0,V,, [h]) implies that
E[exp{iux/ﬁl}‘ﬁn,]\/} — exp{—V,, [h]u?/2}. Thus, the convergence to zero follows from the

Dominated Convergence Theorem. This leaves us with

E[exp{iuv'N(hyn — Ex, [h])}]
= E {exp{ium- II}} exp{—V[h]u?/2} + o(1)

— exp{ — Qn(h)u?/2},

where

Qn(h) = Qn(h) + V?Tn [h]

The limit corresponds to the characteristic function of a N (O, Qn(h)) random variable and we

obtain the desired convergence in distribution result from the Continuity Theorem. [J
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A.4 Mutation Step Without Adaption

Proof of Theorem 3. We denote the conditional mean and variance associated with the transition
kernel K,(6|0;¢) by EKn(-Ié'C)['] and VKn(~\é~C)[']' Since 7, is the invariant distribution associated

with the transition kernel K,,, note that if 6 ~ Ty, then

/é Eye. iy Mma(B)dd = / / K, (016: ) dom ()dd (A-5)

= /h /K (016; ), (6)dAdo

- /9 (0)7,(0)d0 = E,. [h].

Using the fact that % vaz L Wi =1 we can write

N N
7 1 % % 1 %
h v —Er,[h] = & ; (A1) = B, a0 M) Wa + Z; (B, (1i,.c) (] — B, [A]) W,
= I1+11, (A-6)
say. Let fn ~ be the o algebra generated by {9 fV 1- Notice that conditional on .73”7 N the

weights W are known and the summands in term I form a triangular array of random variables
that within each row are independently but not identically distributed with mean zero. We will
distinguish between Case (a) in which the particles were resampled and Case (b) in which the
particles were not resampled. Throughout the proof we focus on establishing convergence in distri-
bution because it relies on more stringent moment bounds that also suffice to prove the almost-sure

convergence.
Case (a). After the particles have been resampled the weights Wi = 1 for all i such that

N
1
=% z} (h(8h) ~ B, (13,0 [M])-
1=
Conditional on .7:",17 N term [ is an average of independently and non-identically distributed random
variables with distributions given by the transition kernel K, (-|6%;¢). To establish the convergence

in distribution of v/ NI we have to verify condition (iv) of Theorem 5:

2

N
5 1 5
Z w100 1) = B gy o [RII] <2 NZ Kol (PO (A7)



Online Appendix A-7

In order to deduce the almost-sure convergence of the r.h.s we need to establish that ¢(é) =

B (16:0 [|n[*"*] € H:

Eyc, ooy [R™] Hn] (A-8)
Hh‘(2+5) 1+n)]}

_ Eﬂ'n[lh’ (249)( 1+77)] < 00

B [0(0)] = Ex,|

Kn(-1650)

< Ex [EKn (16:0)

for h € Hs and suitable choices of § and 7. The final equality follows from the fact that the
transition kernel preserves the distribution m,. Thus, condition (iv) of Theorem 5 is satisfied. We
deduce that

VN -1 = N(0,Er, [Vi(p.0lH])-

The convergence of term /N -IT follows from Theorem 2 provided that (IE [h]—E, [h]) €

‘Hs. Using the C). inequality, Jensen’s inequality, and Assumption 3 we find that
Er, [|E

(1] = Ex, []**°] < 240 (B, [|E [RI*7°) + B, [|B*]) < o0

Kn(-16;¢) Kn(-16;¢)

The proof of the theorem can be completed by following the same steps as in the proof of Theorem 2
to obtain the limit distribution of (v/N - I) + (v/N - IT).

Case (b). Suppose that the particles were re-sampled for the last time in iteration n — 2. Thus,

the weights in iteration n — 1 are given by

i 1R ”n—l(%—z)

% Zz]\il ,Un_l(a?%l—Q).

n—1 — n—1 —

In the mutation step of iteration n—1 the particles values ¢?,_, are turned into 6, _; ~ Kp,_1(65—1]0%_5; ().

The weights in iteration n are given by

S (0 U o R
sz 1'Un(9n 1)WZ %sz\il ”n(%—ﬂvn—l(%—ﬂ
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Thus, we can write term I as

Mz

\/N'I‘ﬁmN = \/1N ( (QZ) EKn(.\é;'l;g)[h])”n(eg—l)vn—l(ezﬂ)

1

i

+

1
- -1
( ; Zf\[l”n (0% )vn-1(6}_5) )
N . .
( Z h(6},) Kn( 162:¢) [h])”n(%—ﬁvn—l(%q))
= VN-Ia+ \f Ib,

EH

say. Using Assumption 1, we can bound

v v iy J (Y 10)]"2p(8)df
L (T DO
M

= T )Pp@)de

A

(A-9)

Recall that ¢, /¢2 > 1. Using Jensen’s inequality, we deduce

Jwvionperas = [ (wrion=)"" sorio > ( [invion=nesas) " )

Thus, combining (A-9) and (A-10) we deduce from Assumption 1(iii)

M
[[[p(Y'|0)]22p(6)db] bn /P2

"Un(gnfl)’l}nfl(en72)’ < < 0. (A—]_l)

In turn, the moment bound (A-7) derived for Case (i) can be adjusted to account for the presence

of the non-unity particle weights. Conditioning on ]:"n N
1

5 2 B o (1 (50 = Exe s (B o8 1)1 (8 )| ™)
=1

N
1 ‘ '
< PSS B a0 (O] [oa (B v (6]
=1

2+6
244 M res
- (U[p(YIO)]%p(e)de}%/@> ( ZEK(I%C [1n(0)] })

A slight modification of (A-8) establishes that term /N - Ia satisfies condition (iv) of Theorem 5.
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We now turn to the analysis of the covariance matrix. Consider

N
1 7 7
N Z VKn(~|ejH;g) [h]v%(enfl)vr%fl(gnfﬂ
=1
s, /9 /9 Vi 10 102 On1) Kot (B [r—2; 021 (B2 (B2 A6yl
n—1 n—2

= E[W*Vi, (o) [M]].

The final expression is stated in slight abuse of notation in that the dependence of W on the

particles is not spelled out. In sum,
VN - Ia == N(0,E[WVg, (j0.0)[hl])
For term /N - Ib note that
E[Un(en—l)vn—l(en—2)]
= / / Un(enfl)anl(anflwnf% C)'Unfl(‘9an)an2(0n72)d‘9n72d9n71
9n71 0n72
= / / vn(en—l)Kn—l(an—ﬂen—Za C)ﬂ'n—l(en—Q)dan—Qd@n—l
an—l 9n—2

= / Un(gn—l)'frn—l(en—l)den—l
On—l
= 1.

Thus, VN - Ib 25 0.

The analysis of the term N - I1 does not require any additional modification because it is
based on Theorem 2. It is straightforward to extend the analysis to the case in which the resampling

occurred p iterations ago. [J
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A.5 Mutation Step With Adaption

Proof of Theorem 4. Using (13), we begin by decomposing h,, y as follows:

N
fnv = En, [A] = %Z Eg., (166 [P) W
3 2 Bry g P = Ena )W + 5 Z Gt h) — W(BL, ¢ h))W,
_ I+Ils 111,

say. First, let .7:"”7]\/ be the o algebra generated by {0Z W’ N —, and note that F,,_1 ny C fn N- Write

SN Ve i [P ()2 N |
AL \/N e ( h(;,) [h])Wﬁ)
\/ N i Vi (o sen [PIWE)? VN “ Z Kn(-16},5¢n)

Zz 1V n (|67 ; )[h](W )2 1 N i i
+< j NZ v : [h](Wi)2) (W 2 (1) _EK“'@“”)W)W")
N i=1 " Ky ( |9n§ n)

=1
= VN-Ta+VN-Ib
Now consider
2
Vil = Ex,aoP’] = By, a0k

= W(0,6:h?) = 20(0)9(0.C; k) — ¥3(0.; h)
Using Assumption 4(ii) we can take a Taylor series approximations of the form

WO.Gh) = W0,GH) + W06~ Q)+ 5(C— O VeelB GBI~ Q)
V(,Gn%) = ‘I’(é,C;hz)+W<(é,c;h2)(f—é)+%(5—C)"I’cc(évé*(é);hz)(f—é)

Since VN (C, — ¢) = O,(1) we deduce that

( VE S Vi o IOV )

VI Z Vi a6 [RIOVE)?

= op(1).

In turn, vN - Ib = 0,(1). The term v/N - Ia has the same limit distribution as term I in (A-6).
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Second, note that term I1 above has the same limit distribution as term I/ in (A-6). Finally,

consider term [11, which captures E, -én)[h] —Ex i0 [h]. Using Assumption 4(ii) we can

take a Taylor series approximation of the form

~ ~ ~ ~

WG, G5 1) = W, G )+ We(B, G )(E )+ 5 (C — O We(B, 6B )E — ).
Thus,
1 X N ‘ .
VNI = (N;\If<<0;,<; h)Wﬁ> VNG = ©)

1 R 1 Y L , .
+ﬁ\/ﬁ(§n - C) (N ; \IJCC (927 C*(CZL)? h)W7ZL> \/N(Cn - ()

The first opy(1) is obtained from

N

1 A~ R A

2 O MWy =5 Ex, [We(0, G5 )] = 0.
=1

Here we used

O B [0(0,¢: 1)) = En [0c(6,C: 1),

V=3¢

According to Assumption 4(i) v N(C, — ¢) = O,(1). This completes the proof. []
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B The Smets-Wouters Model

B.1 Model Specification

The equilibrium conditions of the Smets and Wouters (2007) model take the following form:

~ .0 A~ g
CyCt + 1yly + 2y 2t + €

h/v 1 . wly(oe —1) - .
at—7F + ——° "2 (l, — E/l
1—|—h/"th1 1+h/ tCt+1 C(1+h/ )(t tt+1)
e A 1—h/y
- (% -E T
(1 + h/’y)ac (Tt t7Tt+1) (1 T h/’y)acgt
o /37(1_06) 2 R .
- 4+ ————F i
e ,6’}/(1_00)“ 1+ 1+ g0 th+1 T peCITan B’V(l_"c))% + &

B(L = 8)y "7 Eye1 — 1 + Eyitr + (1 — (1= 8)y %) Eyitfy g — e}
@(al%f +(1-— a)it +&7)

]%t—l + 2

1 1—/}1#725

(1-9)

ke (= (1= )/t (1= (1= 6)/ ey (L4 5707

Od(]:u‘f — l;) — W + 6?
pytt=ee) b .
R —— — < T{—
T+ 0By T+ 37070
(1 - 57(1_06)5:0)(1 - fp) N P
- (1—00) My + €4
(1 + By N1+ (P —1)ep)ép
Zt + Wy — ]:u‘?

Etﬁ't-‘,-l + 1

o R
T o k)

57(1—%) R . 1
W(Etwt-i—l + Eyfien) + 15 300

1 + ﬁy(l_ac)Lw A (1 - /6’7(1_00)5111)(1 - fu}) AW w
- o Tt — - pe + &
1+ Bry(1-oc) (1 + ByE=9)) (1 4+ (A — Dew)éw

pre—1+ (1 — p)(rafre + 1y (9¢ — 7))

Wy — oyl —

(wt—l - Lwﬁ't—l)

+ray((Ge — 0;) — (Ge—1 — 971)) + &1

(A-12)
(A-13)

(A-22)

(A-23)

(A-24)

(A-25)
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The exogenous shocks evolve according to

ef = pagl_+f

5? = Pb%le)fl + 77?

el = peci1 + pgani + 1

g = pici_y +

€ = PrE_qt+ny

& = prejy T — Iy
g = puwEiii T — pwlil-

The counterfactual no-rigidity prices and quantities evolve according to

A%
Yy =

Ak

cyCr iyt + 2 2+ €f
h/’y wzc(ac - 1)
1+ h/y 1+ h/y oc(14+h/v)
_l-hfy o 1Ry
(1+h/y)oc ' (A+h/y)oe "
- pylioe o, 1
Wuil + WEﬂt+l + 21+ By 0o

B(L =0y Bedfy — 17 + (1= B(1 = 8)y™7) Eyryy — €f

d(aky* + (1 —a)lf +¢¥)

¢io1 + (Z: - Eti;fk+1)

A%
Eréy iy

A% 7
q; +&

ki 1+ 2
1—¢A *

o
(1-90)

(ks —1F) + &%
I+ —kf
O'llAzk +

1 Ak Ak
m(ct + h/vé_q).

ki 4+ (1= (1= 0)/7)ie+ (1 — (1=8)/7)ey* 1+ py17))el

A-13

(A-33)

(A-34)
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A-14

The steady state (ratios) that appear in the measurement equation or the log-linearized equilibrium

conditions are given by

7/100 + 1
7/100 + 1
100(3 1y%em* — 1)

77¢/B—(1-9)

1

a®(1 — a)t=9) -
Prk

(1= (1 =0)/v)y

k
1—ar],

a  Wgs
(I)l’(cafl)

(y =14 0)ky
1—gy—iy

Tssky

k
SS
1 1-arkk,

D VY Cy
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B.2 Additional Tables and Figures for the Analysis of the SW Model

The standard prior distribution for the SW model is summarized in Table A-1.

Table A-2 shows the posterior means as well as 90% equal-tail-probability credible intervals for the
SW model with standard prior. We also report the standard deviation of posterior mean across

the five repetitions of the posterior simulation.
Table A-3 shows the diffuse prior for the SW model.
Figure A-1 compares the standard and diffuse prior.

Table A-4 shows the posterior means as well as 90% equal-tail-probability credible intervals for the
SW model with standard prior. We also report the standard deviation of posterior mean across

the five repetitions of the posterior simulation.
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Table A-1: SW MODEL: STANDARD PRIOR

Parameter Type  Para (1) Para (2) Parameter Type Para (1) Para (2)
% Normal  4.00 1.50 o Normal 0.30 0.05
Oc Normal 1.50 0.37 Pa Beta 0.50 0.20
h Beta 0.70 0.10 b Beta 0.50 0.20
Ew Beta 0.50 0.10 Pyg Beta 0.50 0.20
o} Normal  2.00 0.75 Di Beta 0.50 0.20
&p Beta 0.50 0.10 Pr Beta 0.50 0.20
Lw Beta 0.50 0.15 Pp Beta 0.50 0.20
Lp Beta 0.50 0.15 Puw Beta 0.50 0.20
Y Beta 0.50 0.15 p Beta 0.50 0.20
d Normal  1.25 0.12 thaw Beta 0.50 0.20
T Normal  1.50 0.25 Pya Beta 0.50 0.20
p Beta 0.75 0.10 Oa Inv. Gamma 0.10 2.00
Ty Normal  0.12 0.05 op Inv. Gamma  0.10 2.00
TAy Normal  0.12 0.05 og4 Inv. Gamma  0.10 2.00
T Gamma  0.62 0.10 o; Inv. Gamma  0.10 2.00
100(8~! —1) Gamma 0.25 0.10 oy Inv. Gamma  0.10 2.00
l Normal  0.00 2.00 op Inv. Gamma  0.10 2.00
¥ Normal  0.40 0.10 Ow Inv. Gamma 0.10 2.00

Notes: Para (1) and Para (2) correspond to the mean and standard deviation of the Beta, Gamma,
and Normal distributions and to the upper and lower bounds of the support for the Uniform

distribution. For the Inv. Gamma distribution, Para (1) and Para (2) refer to s and v, where
—v—1_,-vs?/20?
e .

p(oly,s) x o
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Table A-2: SW MODEL WITH STANDARD PRIOR: POSTERIOR COMPARISON

RWMH SMC
Parameter Mean [0.05,0.95] STD(Mean) Mean [0.05,0.95] STD(Mean)
o 570 [4.11,7.48]  0.10 570 [4.12,7.45  0.03
o 1.33 [1.14, 1.55]  0.02 1.33 [1.13,1.54]  0.00
h 0.72 [0.65, 0.79] 0.01 0.72 [0.65, 0.79] 0.00
€ 0.70 [0.59,0.80]  0.02 0.70 [0.59,0.80]  0.00
oy} 1.90 [ 1.05, 2.88] 0.03 1.87 [1.01, 2.84] 0.02
&p 0.65 [0.56, 0.74] 0.04 0.64 [0.54, 0.73] 0.00
L 0.57 [0.35, 0.77] 0.02 0.57 [0.36, 0.77] 0.00
Lp 0.26 [0.13, 0.42] 0.03 0.25 [0.12, 0.41] 0.00
P 0.55 [0.37, 0.73] 0.02 0.55 [0.37, 0.74] 0.00
) 1.58 [1.46,1.71]  0.00 1.58 [1.46, 1.71]  0.00
T 2.04 [1.76, 2.34] 0.02 2.05 [1.77, 2.34] 0.01
P 0.81 [0.76,0.85]  0.01 0.80 [0.76,0.84  0.00
Ty 0.09 [0.05, 0.13] 0.01 0.09 [0.05, 0.12] 0.00
ray 0.23 [0.18,0.27]  0.00 0.22 [0.18,0.27]  0.00
m 0.69 [0.52, 0.87] 0.00 0.69 [0.52, 0.87] 0.00
10037t —=1)  0.17 [0.08, 0.27] 0.00 0.17 [0.08, 0.27] 0.00
l 0.70 [-1.23, 2.62] 0.10 0.72 [-1.21, 2.65] 0.02
0 0.42 [0.39, 0.45] 0.00 0.42 [0.39, 0.45] 0.00
o 0.19 [0.16, 0.22] 0.00 0.19 [0.16, 0.22] 0.00
Pa 0.96 [0.94, 0.97] 0.00 0.96 [0.94, 0.98] 0.00
Pb 0.22 [0.08, 0.38] 0.02 0.21 [0.08, 0.37] 0.00
Py 0.98 [0.96,0.99]  0.00 0.98 [0.96,0.99]  0.00
p; 0.73 [0.63,0.82]  0.00 0.73 [0.63,0.82]  0.00
Pr 0.15 [0.05, 0.26] 0.01 0.15 [0.06, 0.27] 0.00
Pp 0.89 [0.80,0.96]  0.01 0.90 [0.80,0.97]  0.00
P 0.97 [0.95,0.99]  0.00 0.97 [0.95,0.99]  0.00
p 0.72 [0.54, 0.85] 0.09 0.69 [0.50, 0.84] 0.00
Lo 0.85 [0.74, 0.93] 0.01 0.85 [0.73, 0.93] 0.00
Pga 0.50 [0.35, 0.65] 0.00 0.50 [0.35, 0.65] 0.00
Oq 0.47 [0.42, 0.52] 0.00 0.47 [0.42, 0.52] 0.00
o 0.24 [0.20, 0.28] 0.00 0.24 [0.20, 0.28] 0.00
oy 0.54 [0.49, 0.59] 0.00 0.54 [0.49, 0.59] 0.00
o; 0.45 [0.38, 0.54] 0.00 0.45 [0.38, 0.54] 0.00
oy 0.25 [0.22, 0.28] 0.00 0.25 [0.22, 0.28] 0.00
Op 0.15 [0.12, 0.18] 0.02 0.14 [0.11, 0.17] 0.00
Ow 0.25 [0.21, 0.28] 0.00 0.25 [0.21, 0.29] 0.00

Notes: Means and standard deviations are over 5 runs for each algorithm. The RWMH algorithms
use 10 million draws with the first 5 million discarded. The average acceptance rate was roughly
2.1, a mixture proposal and 3

30%. The SMC algorithms use 12,000 particles, 500 stages, A\ =

blocks in each MH step.
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Table A-3: SW MOoDEL: DIFFUSE PRIOR

Parameter Type  Para (1) Para (2) Parameter Type Para (1) Para (2)
% Normal 4.00 4.50 o Normal 0.30 0.15
Oc Normal 1.50 1.11 Pa Uniform 0.00 1.00
h Uniform  0.00 1.00 Pb Uniform 0.00 1.00
Ew Uniform  0.00 1.00 Py Uniform 0.00 1.00
o} Normal 2.00 2.25 Pi Uniform 0.00 1.00
&p Uniform  0.00 1.00 Pr Uniform 0.00 1.00
b Uniform  0.00 1.00 Pp Uniform 0.00 1.00
Lp Uniform  0.00 1.00 Pw Uniform 0.00 1.00
P Uniform  0.00 1.00 Hp Uniform 0.00 1.00
P Normal 1.25 0.36 Lo Uniform 0.00 1.00
T Normal 1.50 0.75 Pya Uniform 0.00 1.00
p Uniform  0.00 1.00 Oq Inv. Gamma 0.10 2.00
Ty Normal 0.12 0.15 op Inv. Gamma 0.10 2.00
T Ay Normal 0.12 0.15 o Inv. Gamma  0.10 2.00
T Gamma  0.62 0.30 ; Inv. Gamma 0.10 2.00
100(3~1 —1) Gamma  0.25 0.30 o Inv. Gamma  0.10 2.00
l Normal 0.00 6.00 op Inv. Gamma  0.10 2.00
¥ Normal 0.40 0.30 Ow Inv. Gamma 0.10 2.00

Notes: Para (1) and Para (2) correspond to the mean and standard deviation of the Beta, Gamma,
and Normal distributions and to the upper and lower bounds of the support for the Uniform
distribution. For the Inv. Gamma distribution, Para (1) and Para (2) refer to s and v, where

p(olv, s) o< o7vLemvs?/20%
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Figure A-1:

SW MOoODEL: SW PRIOR COMPARISON
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Table A-4: SW MODEL WITH DIFFUSE PRIOR: POSTERIOR COMPARISON
RWMH SMC
Parameter Mean [0.05,0.95] STD(Mean) Mean [0.05,0.95] STD(Mean)
© 7.98 [4.16, 12.50] 1.03 8.12 [4.27, 12.59] 0.16
o 1.65 [ 1.33, 2.02] 0.02 1.65 [ 1.33, 2.03] 0.01
h 0.69 [0.58, 0.78] 0.03 0.70 [0.59, 0.78] 0.00
Ew 0.93 [0.82,0.99] 0.02 0.93 [0.80, 0.99] 0.01
o} 3.04 [1.41,5.14] 0.15 3.06 [ 1.40, 5.26] 0.04
& 0.73 [0.62, 0.82] 0.03 0.72 [ 0.60, 0.82] 0.01
Lw 0.72 [ 0.39, 0.96] 0.03 0.73 [0.37, 0.97] 0.02
L 0.12 [0.01, 0.29] 0.02 0.11 [0.01, 0.29] 0.00
P 0.75 [ 0.50, 0.96] 0.01 0.75 [ 0.50, 0.96] 0.00
P 1.69 [ 1.48, 1.91] 0.04 1.71 [ 1.50, 1.94] 0.01
T 2.76 [2.11, 3.51] 0.03 2.78 [2.12, 3.52] 0.02
p 0.88 [0.84, 0.92] 0.01 0.88 [0.84, 0.92] 0.00
Ty 0.16 [0.09, 0.24] 0.01 0.15 [0.08, 0.24] 0.00
TAy 0.28 [0.22, 0.35] 0.01 0.28 [0.22, 0.35] 0.00
0 0.85 [0.43, 1.22] 0.02 0.85 [0.42, 1.23] 0.01
100(8~1 —1) 0.06 [0.00,0.18] 0.00 0.06 [0.00, 0.19] 0.00
l -0.01 [-2.92, 2.93] 0.16 -0.06 [-2.99, 2.92] 0.07
~ 0.41 [0.37,0.44] 0.00 0.40 [0.37,0.44] 0.00
« 0.17 [0.14, 0.20] 0.00 0.17 [0.14, 0.20] 0.00
Pa 0.97 [0.96, 0.98] 0.00 0.97 [0.96, 0.98] 0.00
Pb 0.21 [0.03, 0.48] 0.08 0.19 [0.03, 0.44] 0.01
Pg 0.99 [0.97, 1.00] 0.00 0.98 [0.97, 1.00] 0.00
Pi 0.72 [0.62, 0.83] 0.02 0.72 [0.61, 0.83] 0.00
Pr 0.05 [0.00, 0.14] 0.00 0.05 [0.00, 0.14] 0.00
Pp 0.91 [0.81, 0.99] 0.01 0.92 [0.81, 1.00] 0.01
Pw 0.69 [0.21, 0.99] 0.09 0.69 [0.21, 0.99] 0.04
Lp 0.80 [ 0.54, 0.96] 0.10 0.77 10.47, 0.98] 0.02
L 0.63 [ 0.09, 0.98] 0.09 0.63 [0.09, 0.97] 0.05
Pga 0.44 [0.26, 0.61] 0.02 0.43 [0.25, 0.61] 0.00
Oa 0.46 [0.41, 0.51] 0.00 0.46 [0.41, 0.51] 0.00
op 0.23 [0.18, 0.28] 0.01 0.24 [0.18, 0.29] 0.00
ag 0.55 [ 0.49, 0.60] 0.00 0.55 [0.50, 0.60] 0.00
o; 0.47 [0.39, 0.56] 0.01 0.46 [ 0.39, 0.55] 0.00
oy 0.24 [0.22, 0.27] 0.00 0.24 10.22,0.27] 0.00
op 0.15 [0.11, 0.20] 0.04 0.14 [0.09, 0.23] 0.00
Ow 0.25 [0.21, 0.29] 0.00 0.25 [0.22, 0.30] 0.00

A-20

Notes: Means and standard deviations are over 20 runs for each algorithm. The RWMH algorithms
use 10 millions draws with the first 5 million discarded. The average acceptance rate was roughly
30%. The SMC algorithms use 12,000 particles, 500 stages, A = 2.1, a mixture proposal and 3
blocks in each MH step.
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C Schmitt-Grohé and Uribe (2010) Model
C.1 Steady State
g
My = Ha,ss k! Mz ss (A-56)
1
HEkss = MHx,ss Ha,ss k! (A—57)
1\ T
—Pxg
z, =[— A-58
9ss <Iuyss) ( )
.2
<g> =22 (A-59)
Y/ ss Lgss
—— sy — (1= do)
Yy Ha,ss ﬂlJ'yg;U)
L - A-60
<k‘>ss O Uk s ( )
) 1—4g
- =1- A-61
<k>ss Hkss ( )
? 1 Y
Z . z A-62
().~ ()@, v
c g 1
-] =l-=x o I A-63
<y)85 90 <y> <y> —
(1-mS7 B0)an
_ I+pss (E)ss A
1/} - 1— (—o) ap ol 1 ( _64)
1 R b —0 17ﬁ (17 ) S;a
hgs (Myss> <9 (1 - @) + (1 — Hyss Bb) (%)ss 1+u:suy )
1
— y_,kt - ap—1
kss = % (A-65)
HEss i
o1 = Hkss Ok y-ki (A_66)

C.2 Detrended Equilibrium
C.2.1 Optimality and Market Clearing Conditions

Investment Equation:

6 ki ~
k; = <1— <60+51(ut—1)+22 (ut—1)2>> til—l-zzit (1—/{/

j

2

(

Utflkt
(I

- uk)> (A-67)
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Resource Constraint:

Yt = Gt Tg, + it + ¢y (A-68)
Production Function:
o = 24 (ke /)™ IR0 (A-69)
Value of Consumption Bundle:
v = — b —phl s, (A-70)
Hyy

Geometric Average of past habit-adjusted consumption:

v I—y
g5 = (Ct _ th1) <5tl> (A-71)
Hyy Hyt

Consumption Decision:

—o VStPt - —o VSt+1Pt+1
At = Gy To i By, <Ct+1 Uiy M) (A-72)
Hyy t+1 Hyiiq
Hours Decision:
h
0upsi v G RO = A, el e A-73
v G = A (A-73)
Dynamics for the shadow price of past consumption:
- St+1
pe = VGu Thl + B3 (1—7) “yt+1 Dyl J; (A-74)
Euler Equation:
At Gt = B A+ Hapy1byiy (Otk ut+1L (1 - (50 + 01 (w1 — 1) + (i (utr1 — 1) > Qt+1>
i w1/ b 2
(A-75)
Capacity Utilization:
Yt
g (01 4+ 02 (ug — 1)) = app————— A-76
002 (= 1) = g (A-76)

Dynamics of ¢;:

. 2 . .
; K[ g Lk Lk
>\t = Qt>\t Z: (1 - 5 <’ut - Mk55> — K L <M - Mk}ss) >
-1 -1 -1

. 2 .
_ 3 U1 Mki41 U+1 Pkt
+ ﬁﬂat—&-lﬂytfl%—&-l)\t—i-lzz—i-l <it +> H(it - —Mkss> (A-77)
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C.2.2 Exogenous Processes and Trends

Stochastic trend in output:
Xk

fyy = Hat Pag (A-78)
Stochastic trend in capital and investment:
1
ap—1
Pkt = Mt Hap " (A-79)
Government Spending Trend:
Pzg
x
g, = 2L (A-80)
Hyy
Capital-specific technology trend shock:
log <:at) = pq log <‘L:jtl> + Eg,t + €§,t—4 + Gg,t—s (A-81)
a,ss a,ss
Neutral technology trend shock:
log [ 228 ) = (py — 0.5) log (2222} £ 0, 4 8 A-82
g [ = \Px . 0og 1 + €xt + €xt—4 + €rt—8 ( - )
ZT,88 x,88
Neutral technology shock:
log (2) = p log (2t—1) + 62,t + 63,1574 + Gg,tfs (A-83)
Investment-specific technology shock:
log (zf) = p,i log (zf_l) + egijt + €§i7t_4 + €§i7t_8 (A-84)
Government Spending Shock
gt gt—1 0 4 4
log (gsst> = pg log (gsst> +€gt T €g1_a T €5t (A-85)

Preference shock:

log (¢t) = p¢ log (Ci—1) + fg,t + EZé,tle + f?,tfsg (A-86)
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Wage markup:

o (1) = ton (5=t ) v ehana b

Hss 55

C.2.3 Observation Equations

ygr: = 100 log <yt'uyt> + €yt

Yt—1
C
cgry = 100 log (ctt'uylt>
igre = 100 log <“‘:‘”;’”>

h
hgry = 100 log <ht>
t—1

x
ggry = 100 log It Tothluy
9t—1Tgy_y

21 l—oy
zgry = 100 log (m)

Zt—1

agry = 100 log (tta;)

C.3 Replicating the Results in Schmitt-Grohé and Uribe (2012)

A-24

(A-87)

(A-88)

(A-89)

(A-90)

(A-91)

(A-92)

(A-93)

(A-94)

The description of the model in the previous subsections corresponds to the model presented in the

text of Schmitt-Grohé and Uribe (2012). Their implementation is slightly different.

Wage Markup: The process for the wage markup shock actually operates on the gross markup,

14+ p.

Prior Normalizations: As noted in the text and Table 2 of SGU, the prior for 8 is actually on

0 — 1. That is,
0 ~ 1+ Gamma(4.00,1.00).

Similarly, support for p, is [-0.5,0.5], or

pz ~ Beta(0.7,0.2) — 0.5.
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Finally, as noted in early drafts of SGU, the parameters [b, pug, Pz, Pas Pg, Pus Pc» P~i] are rescaled by

0.99, presumably to help identify the news innovations.
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C.4 Additional Tables and Figures for the SGU Model

Table A-5 summarizes the SGU prior distribution for the news model.
Table A-6 compares the output of the posterior simulators for the news model under the SGU prior.

Figure A-2 shows some bimodal features of the posterior distribution.
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Table A-5: NEwS MODEL: SGU PRIOR DISTRIBUTION

Parameter Type Para (1) Para (2) Parameter Type  Para (1) Para (2)
-1 Gamma 4.00 1.00 o), Gamma 17.15  17.15
ol Beta 0.50 0.29 o, Gamma  7.00 7.00
K Gamma, 4.00 1.00 ai Gamma  7.00 7.00
62/61  Inv. Gamma  0.68 2.59 o) Gamma  1.50 1.50
b Beta 0.50 0.20 ol Gamma  0.61 0.61
pz,  Beta 0.70 0.20 o8  Gamma 0.61 0.61
p=/0.99  Beta 070 0.20 oy Gamma 1.19 1.19
pa/0.99 Beta 0.50 0.20 aﬁ Gamma  0.49 0.49
pg/0.99 Beta 0.70 0.20 0’2 Gamma  0.49 0.49
pz +0.5 DBeta 0.70 0.20 o) Gamma  1.05 1.05
pu/0.99 Beta 0.70 0.20 o, Gamma  0.43 0.43
pc/0.99  Beta 0.50 0.20 02 Gamma  0.43 0.43
0,i/0.99 Beta 0.50 0.20 0’2 Gamma  6.30 6.30
02a Gamma, 0.31 0.31 a‘é Gamma  2.57 2.57
L Gamma 0.13 0.13 of  Gamma 257 257
op,  Gamma 013 0.3 Oper Uniform  0.00  0.30
UBx Gamma, 0.45 0.45
Uﬁx Gamma, 0.19 0.19
Jﬁz Gamma, 0.19 0.19

Notes: Para (1) and Para (2) correspond to the mean and standard deviation of the Beta, Gamma,
and Normal distributions and to the upper and lower bounds of the support for the Uniform
distribution. For the Inv. Gamma distribution, Para (1) and Para (2) refer to s and v, where

p(olv, s) ox oV Lemvs?/20%,
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Table A-6: POSTERIOR COMPARISON FOR NEwWS MODEL (SGU PRIOR)

RWMH SMC

Parameter Mean [0.05,0.95] STD(Mean) Mean [0.05,0.95] STD(Mean)
on 4.33 0.84, 5.92] 0.49 4.26  0.28, 5.91] 0.24
ol 1.34  [0.04, 4.83] 0.49 1.36 [ 0.03, 5.14] 0.24
afi 5.68 [0.87, 10.54] 0.30 5.59 [0.75, 10.59] 0.09
agi 3.08 [0.21, 7.80] 0.24 3.14 [0.21, 7.98] 0.04
O‘g 3.80 [0.51, 6.78] 0.22 3.82 [0.50, 6.77] 0.10
o 2.62 [0.17, 6.07] 0.18 2.65 [0.17, 6.22] 0.11
lopet 12.36 [ 9.05, 16.12] 0.09 12.27 [9.07, 15.84] 0.09
K 9.33 [7.49, 11.40] 0.09 9.32 [7.48, 11.33] 0.05
0 414 [3.22,5.19] 0.05 413 [3.19, 5.18] 0.02
a‘é 2.44 [0.15, 6.04] 0.04 2.43 [0.15, 5.95] 0.09
o, 0.92 [0.06, 2.39] 0.04 1.04 [0.06, 2.79] 0.04
o 0.60 [0.06, 1.07] 0.03 0.62 [0.06, 1.08] 0.01
afg‘l 0.41 [0.03, 0.98] 0.03 0.41 [0.03, 0.99] 0.01
Ot 0.16 [0.01, 0.34] 0.01 0.16 [0.01, 0.34] 0.00
piz- 0.43 [0.21, 0.63] 0.01 0.43 [0.21, 0.63] 0.00
og 0.57 [0.04, 1.06] 0.01 0.55 [0.04, 1.06] 0.02
a0, 0.21 [0.02, 0.35] 0.01 0.21 [0.02, 0.35] 0.01
o 0.12 [0.01, 0.29] 0.01 0.12 [0.01, 0.29] 0.00
on. 0.15 [0.01, 0.33] 0.01 0.16 [0.01, 0.34] 0.00
Pz, 0.64 [0.37,0.83] 0.01 0.67 [ 0.40, 0.86] 0.03
a0 0.36 [ 0.18, 0.52] 0.01 0.37 [0.19, 0.54] 0.01
o—% 0.66 [0.56, 0.74] 0.01 0.65 [0.54, 0.74] 0.01
%o 0.10 [0.01, 0.26] 0.01 0.10 [0.01, 0.27] 0.00
ot 0.13 [0.01, 0.31] 0.01 0.13 [0.01, 0.32] 0.00
pe 0.19 [0.08, 0.31] 0.00 0.19 [0.08, 0.32] 0.00
oS 0.12 [0.01, 0.28] 0.00 0.12 [0.01, 0.29] 0.00
P 0.88 [0.68, 0.99] 0.00 0.86 [ 0.65, 0.99] 0.01
09/01 0.42 [0.31, 0.55] 0.00 0.42 [0.31, 0.56] 0.00
Pa 0.48 [0.39, 0.57] 0.00 0.48 [0.38, 0.57] 0.00
p- 0.91 [0.85, 0.96] 0.00 0.91 [0.84, 0.96] 0.00
Pg 0.96 [0.92, 0.99] 0.00 0.96 [0.92, 0.99] 0.00
Py 0.98 [0.95, 1.00] 0.00 0.98 [0.95, 1.00] 0.00
b 0.92 [0.89, 0.94] 0.00 0.92 [0.89, 0.94] 0.00

ome 0.30 [ 0.30, 0.30] 0.00 0.30 [ 0.30, 0.30] 0.00
¥ 0.00 [ 0.00, 0.00] 0.00 0.02 [0.00, 0.01] 0.01

Notes: Means and standard deviations are over 20 runs for each algorithm. The RWMH algorithms
use 10 million draws with the first 5 million discarded. The SMC algorithms use 30,048 particles
and 500 stages.
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Figure A-2: NEwS MODEL: BIVARIATE CONTOUR PLOT OF a;‘; AND afj
8

Notes: The figure shows a This figure shows contour plots for bivariate kernel density estimates of

the posteriors for [0, 0] from the SMC simulator, conditional on v < 0.01.



