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A Proof of Lemmas and Propositions

A.1 Proof of Proposition 1

Here we show that there exists a unique bounded solution to the system of equations con-
sisting of the linearized structural equations (2.8)—(2.10) together with the linearized FOCs
(2.16)—(2.17). If we adjoin to these equations the identities

Y = Y (A.1)
Et@tﬂ = EtStha (A-Q)

then the system consisting of (2.8), (2.16), and (A.1)—(A.2) can be rewritten in matrix form

as
MEtdtJrl == th - ngt, (A3)

where d; is the 2(m + n)-dimensional vector

Py
_ Yt—1
d; = ~
! Ei@iiq
gb

5; is a vector of exogenous disturbances that includes the elements of both ét and Et_l, and

T My My, G _ —B'Mj, 0
[ M) [0 w

where B
- ., [0 -I
M11 = |: /—1/ S :| = ]\4-117 and M12 = |: 0 BR/ :| .

Here we use the fact that S is symmetric to obtain My; = Mj,.
In addition to conditions (A.3), the process {d;} must satisfy (2.9) and (2.17), and thus

Fd [dt - Et—ldt] - FS [Et - Et—lgt] (A5)

for all t > to, where F}; is the (m +n) x 2(m + n) matrix

Sy, 0 0 Q
F, = 0 0 0 L[|,
0 I, 0 O
using the notation
Sg = [0 ]n—k]

for the (n — k) x n matrix that selects the last n — k elements of any n-vector. (The first
n — k rows correspond to conditions (2.17), the next k rows correspond to conditions (2.9),
and the final m rows state that the elements of ¢, _; cannot be affected by surprises in period

t)



In period t¢, the process must satisfy (2.10) and hence
Fd dto = ftm (AG)
where f;, is a vector of m + n initial conditions

_ étor} _
Jto = | A1Jig-1 + D¢, — BFy, |

yto—l

all of which are either predetermined or exogenous. B )
The following lemmas establish useful properties of the matrix pencil M — ulN.

Lemma 7 Given Assumptions 2(b) and 3, the matrixz pencil M — uN is regular; that is, its
determinant s non-zero for at least some complex yi.

Proof. The determinant of M — ;N can be expressed as follows:

_ I
det (M — uN) = det[MH—i_Nﬁ M MH]

I —ul
= det (—pl) - det [(Myy + pB~"Miy) — Mys (—/M)*l}
= W (_1)n+m . det [Mll + uﬁilM{Q + /ubilMlQ]
0 A—p I

o _1\tm _ _
- :U’( 1) det|:A,—,U,B_1[, S+M_1ﬁR/+NR:| (A7)
The matrix pencil M — uN is regular provided that its determinant is non-zero for at least
some complex .

Suppose the determinant is instead zero for all p. This means that there must exist
finite-order vector polynomials (¢ (1), y (1)) such that

0 A—p™I o) | _
A'—pp™' T S+ pBR' + pR } { y (1) } - (5.8)

for all p # 0, and (¢ (1), y (1)) are not both equal to zero for all x. In addition, the solution
cannot involve y (p) = 0. For if there exists a function ¢ (u) = Zf:o o, ¢ satisfying (A.8) with
y (1) = 0, one must have [A’ — ,uﬁ_ll_’} ¢ (u) = 0. But this would imply that the function
o(p) = Zf:o ©p_;1t" must satisfy (2.13), violating Assumption 2(b). Hence we must have
y(p) # 0. Writing y (1) = > oo vil" (where all but a finite number of the y; are zero), the
first line of (A.8) implies that the sequence {y;} satisfies the hypotheses of Assumption 3.
The second line implies that

y(u'8) [S+puBR + pR]y(n) =0

for all . Writing this expression in the form Z?J;l_(k 05 p’, where k is the order of y (1),
it follows that we must have v; = 0 for all j. In particular, we must have v, = 0. But v, is
just the left-hand side of (2.19), so this violates Assumption 3. It follows that det (]\_4 — uN )
cannot be zero for all u. m



It is then possible to factor the polynomial det[A\M — pN] as

2(n+m)

[T (cix=Bip), (A.9)

=1

where for any i, the complex numbers «; and (3, are not both equal to zero. Let s be the
number of factors for which «; # 0 and |3;/a;| < 1. There must then be 2m + 2n — s factors
for which 3, # 0 and |a;/3;] < 1.

This implies that the matrices M and N can be decomposed as stated in the following
lemma.

Lemma 8 Given Assumptions 2(b) and 3, there must exist non-singular 2(m+n) X 2(m-+n)
real matrices U,V such that

S I, 0 oo | AN 0

UMV = [ 0 Q]’ UNV = [ 0 12n+2m_8}. (A.10)
Here Q2 is a (2m+2n—s) X (2m+2n —s) real matriz for which all eigenvalues have modulus

less than or equal to 1 while A is an s X s real matrix for which all eigenvalues have modulus
less than 1.

Proof. Under Assumptions 2(b) and 3, Lemma 7 implies that M —uN is a real regular matrix
pencil of dimensions (2m + 2n) x (2m + 2n) . It follows from Theorem 3 of Gantmacher (1959,
Chap. 12), or its version for a real canonical form proved in Appendix D, that there exist
real invertible matrices U, V' of dimensions (2m + 2n) x (2m + 2n) such that

I 0

- (A.11)

- - H 0
UMV—[ }, UNV—{O ]]
where G is an invertible matrix of the real Jordan form and H is a real nilpotent matrix of
the Jordan form.

Let us factor the polynomial det[AM — pN] as in (A.9) and let v (0 < v < 2m + 2n) be
the number of factors (a; A — [3,p) for which the complex numbers /3, = 0, while the numbers
«; are necessarily nonzero. (Note that since the eigenvalues of M — uN are the quantities
;/B;, these v factors correspond to the v “infinite” eigenvalues of M —uN.) The existence of
a decomposition of the form (A.11) implies that the factors of the characteristic polynomial

det[AM — pN] in (A.9) are the same as those of
det [M - pﬁf] - det [Aé . p[} .

Since H is nilpotent, det [)\I — pH ] must correspond to the v factors for which the 5, =0

and a; # 0. The matrix pencil AI — pH is thus of dimensions v x v. This implies that the
matrix pencil A\G — pI is of dimensions (2m + 2n — v) X (2m + 2n — v) and its determinant
is the product of the 2m + 2n — v factors (a; A — (,p) for which the complex numbers S, # 0.
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(The matrix G has thus 2m + 2n — v eigenvalues denoted by a;//3;, all finite). Among these
factors, let there be 2m + 2n — s of them (with 0 < s < v) for which 3; # 0 and |o;/5;| < 1,
so that there are s — v factors for which 5, # 0 and |a;/8;] > 1. The latter s — v factors
necessarily have «o; # 0 and |3;/a;| < 1.

Recalling that G is in real Jordan from, this implies that it is possible to partition it as

el

0 Gy

where Gy € R ig a block-diagonal matrix with eigenvalues satisfying |a; /3, > 1,
B; # 0, and Gy € REm+2n—s)x(2m+2n-s) j5 5 hlock-diagonal matrix with eigenvalues satisfying
la;/B;] < 1, B; # 0. Since all eigenvalues of G are nonzero, the matrix G, is non-singular.
Combining the s — v factors associated with G; with the v factors associated with the matrix

pencil A\I — pH constitutes s factors for which a; # 0 and |3;/a;| < 1.
It follows that the 2 (n + m) x 2 (n 4+ m) real matrix

i L, 0 0 i
U=|0 Gyt 0 U
0 0 12m+2n—s

is non-singular and satisfies (A.10), where Q = Gy is a (2m + 2n — 5) x (2m + 2n — s) block-
diagonal matrix in real Jordan form with blocks corresponding to the factors of (A.9) for
which |a;/3;] < 1. This implies that

)l <1 (A.12)

H 0
0 Gyt
zero eigenvalues (i.e., the eigenvalues of H corresponding to the v factors (a;A — 3,p) for
which 3, = 0), and another s — v eigenvalues corresponding to the roots 5, # 0, |5, /| < 1.
Thus all s eigenvalues of A satisfy |3,;/a;| < 1, so that

The matrix A" = [ } is a s X s block-diagonal matrix in real Jordan form with v

1Al < 1. (A.13)

Because the inequality (A.13) is strict, there also exist values § > 1 such that
|0A] < 1. (A.14)

In what follows, we shall consider a value of § > 1 that is small enough for both (1.13) and
(A.14) to hold. o
Now let the matrices U,V be partitioned conformably with the partitions in (A.10):

~ [ U] } srows _
U_[Uz} } 2m + 2n — s rows ’ V=[W 1] (A.15)



where Vi and V; are respectively 2 (n+m) x s and 2(n +m) X (2m + 2n — s) matrices. It
follows from the non-singularity of U and V' that the columns of [ Uy U ] form a basis for
R2("+m) a5 do the columns of [ Vi Vy } . Hence we can represent d; as

a-[% w0 (A.16)

where 1, is of dimension s and ¢, is of dimension 2m + 2n — s. The vectors (¢, ¢,) can be
uniquely re-constructed from the vector d;, and vice versa.

The decomposition (A.10) defines stable and unstable subspaces for the matrix pencil
M — pN. In particular, for any § > 1, let us define the d—stable subspace D; as the set of
values dy, for which there exists a deterministic sequence {d;} for ¢t > t, consistent with this
value of d;,, satistying

Md,, 1 = Nd, (A.17)
for all t > ty, and such that
lim §'d, = 0. (A.18)

(In the case that § = 1, we shall call D = D; simply the stable subspace.) We then have the
following result regarding the dimension of this linear space.

Lemma 9 Given Assumptions 2(b) and 3, let Ds be the d-stable subspace of the matrix
pencil M — pN corresponding to a value of 6 such that (A.14) holds. Then Ds is a linear
space of dimension s, the dimension of the square matriz A in (A.10).

Proof. Under Assumptions 2(b) and 3, Lemma 8 holds, and we can then rewrite (A.10) as:

UMV, = I, UMV, =0 (A.19)
U MV; = 0, Uy MVy = (A.20)
and
UNV, = N, UiNV,=0 (A.21)
UQN‘_/]_ = 0, UQN‘_/Q == [2m+2n78' (A22)

We observe from these orthogonality relations that the inverse transformations can be written
as

(A.23)

O = [ IV, NV ], V*:[QM{}

U, N
(Here we use the fact that because U and V are non-singular, we know that unique inverses

exist.)
We can then pre-multiply the equations in (A.10) by U~!, using (A.23), to obtain:

MVy = NV,Q (A.24)
MViN = NV (A.25)



We can similarly post-multiply the equations in (A.10) by V!, using (A.23), to obtain:

NUM = UN (A.26)
UM = QU,N. (A.27)

Because _U -1 and_V:l must be non-singular matrices, we observe from (A.23) that MVj,
NVy, M'Uj, and N'U must each be matrices of full rank.
Pre-multiplying (A.17) by U, and using (A.27), we obtain

QUQth+1 == UQth

for each ¢t > to. Then using (A.16) to substitute for d; on both sides of this equation, and
using (A.22), we obtain

Q¢t+1 = ¢t7

which in turn implies that

5t¢t = (5_19)5t+1¢t+1 (A.28)
for each t > ty. Repeated application of (A.28) implies that

0'g, = (671Q) " g, (A.29)

for arbitrary £ > 1. Then in the case of any sequence {d,} satisfying (A.18), (A.12) implies
that the right-hand side of (A.29) converges to zero for large k. Hence we must have ¢, = 0
for all ¢ > t¢ in the case of any such sequence. Thus d; must be a vector of the form d; = \_/11/1t
for all ¢.

Pre-multiplying (A.17) by U, and again using (A.16) to substitute for d;, one can similarly
show that

Vi1 = Alwt
for all t > ty. Given a vector 1, , this law of motion can be solved for the complete sequence
{1} and hence for the implied sequence {d;}. Since

(5t¢t = (5A/)t_t0 5t0wt0

for any ¢, it follows from (A.14) that (A.18) must be satisfied. Hence the —stable subspace
D5 consists of all vectors of the form dy, = V11, for some vector ¢, . Since V' is invertible,
this linear space must be of dimension s (the number of columns of V7). m

We turn now to a further characterization of the dimension s. Since M — pN is a regular
pencil, a pair (), p) determines an eigenvalue i of M —uN if det|]\M —pN] = 0 and p— Ay = 0.
(In particular, a pair (), p) determines an infinite eigenvalue of M — uN if det[AM —pN|] = 0,
and p # 0, A\ = 0.) Because of the symmetries in the elements of the matrices M and N, the
eigenvalues of the pencil M — uN also satisfy the following symmetry.??

23This demonstration that the eigenvalues come in “reciprocal pairs” extends to our environment a stan-
dard result in the theory of linear-quadratic optimal control (e.g., Hansen and Sargent, 2010, chap. 8).
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Lemma 10 Given Assumptions 2(b) and 3, the set of values of i = p/\ for which det[\M —
pN| = 0 is such that if p belongs to the set, so do the numbers Bu~t, and the complex
conjugates i and Su~t. In particular, if the equation holds for p =0 (and arbitrary \), then
it also holds for A =0 (and arbitrary p).

Proof. Given Assumptions 2(b) and 3, Lemma 7 implies that the matrix pencil M — uN is
regular. Hence the matrix pencil M — MN where N = 8Y2N is also regular. Let us define
the 2 (n 4+ m) x 2 (n + m) matrix
O Iner
—Lim O ’

M'JM = N'JN,

J

and observe that

so that the transposed matrix pencil (M — uN )’ is symplectic. It follows that the generalized
eigenvalues of the transposed pencil (M — ,uN ) are symmetric with respect to the unit circle
(see Theorems 4 and 5 of Pappas, Laub and Sandell, 1980) if u € C is a generalized
eigenvalue of the real matrix pencil (M — ,uN ), then so are ;! and the complex conjugates
o, p~t In particular, if 4 = 0 is an eigenvalue of (M — uNY, sois ju = co.

Since det[M — uN] = det[M’ — uN'] for all p, it follows that if ;1 € C is an eigenvalue of
(M — 1iN), then so are ;="' and the complex conjugates fi, u—'. Moreover, det]\M — pN] = 0
if and only if det[A\M — 3Y2pN] = 0. Hence y is a generalized eigenvalue of (M — uN) if
and only if 5~V 211 is a generalized eigenvalue of the transformed pencil (M — MN ). It then
follows that Bu~', fi, and B~ must also be generalized eigenvalues of (M — uN). m

Lemma 11 Given Assumptions 1(b), 2(b) and 3, the dimension of the square matriz A in
the decomposition (A.10) must be exactly s = m + n. Hence the matriz pencil M — N
has exactly m + n generalized eigenvalues satisfying || < 8 and another m + n generalized
eigenvalues (some of which may be infinite) satisfying |p| > 1, and the stable subspace D is
of dimension m + n. The dimension of the square matriz 2 is also m + n, and this matrix
satisfies

12 < B. (A.30)

Proof. Assumption 1(b) implies that for any initial conditions close enough to consistency
with the optimal steady state, there must exist a solution to the first-order conditions (for
the deterministic case in which &, = £ at all times) in which (1.13) holds. It follows that for
arbitrary initial conditions f;,, there must be a sequence {d;} satisfying the linearized FOCs
(A.17) for all t > tg, such that dy, is consistent with (A.6), and such that {§°d;} is a bounded
sequence.?! Tt is then furthermore possible to choose a § > 1 (possibly slightly smaller than
the d referred to in Assumption 1(b)) such that (A.18) is satisfied. For a small enough choice
of 0 > 1, (A.14) must hold as well. Hence there must exist 6 > 1 for which (A.14) holds, and

24Note that convergence in the exact nonlinear dynamics only implies that the sequence must not explode
in the linearized dynamics, since the rate of convergence might asymptotically decrease to zero.



such that for any initial conditions f;,, there exists a vector d;, in the j—stable subspace D;
consistent with (A.6).

It follows from our characterization of the d—stable subspace in the proof of Lemma 9
that there must exist a vector ¢,  such that

[FaVi] ¥4, = foo- (A.31)

It is easily seen that any values for the m + n elements of f;, can be arranged through a
suitable specification of the n—k elements of éto—1, the k elements of F},, and the m elements
of §,1. Hence the right-hand side of (A.31) can be any element of R™*". Then in order for
a solution to exist for arbitrary initial conditions, it is necessary that

rank Fy;Vy = m + n. (A.32)

This requires that s > m + n.

We further note that the decomposition (A.10) implies that the generalized eigenvalues
of the pencil M — puN consist of the 2m + 2n — s eigenvalues y; of the matrix  and the
reciprocals of the s eigenvalues A; of the matrix A. Lemma 10 implies that for each eigenvalue
Aj of A, B\; must also be a generalized eigenvalue of the pencil M — puN; and since |);| < 1,
this must be a generalized eigenvalue with modulus less than 5, and therefore an eigenvalue
of Q rather than the reciprocal of any eigenvalue of A. Hence for each eigenvalue A; of A,
BA; must be an eigenvalue of (2. This requires that {2 be of at least the dimension of A, and
hence that s < m + n. Therefore s = m + n exactly. The matrix {2 is of dimension m + n,
and its eigenvalues all satisfy |u| < (3, which implies (A.30).

Finally, it follows that [F,;V;] must be a non-singular square matrix, so that (A.31) can be
solved for v, for any specification of the initial conditions f;,. Since the largest eigenvalue
of A must have a modulus strictly less than 1, any initial condition of the form d;, = V19,
gives rise to a sequence {d,} satisfying (A.18) for 6 = 1. Hence this linear space of dimension
m -+ n corresponds to the stable subspace. m

In the proof of Lemma 11, it has already been established that for any initial conditions
fto, there exists a deterministic solution {d;} to the linearized FOCs that converges expo-
nentially to the steady state for large ¢. This result can then be directly extended to the
case of bounded fluctuations in the exogenous disturbances {ét}, yielding the result stated
in the proposition.

Given a bounded stochastic process {€,} for the exogenous disturbances and a vector
ft, of initial conditions, we are interested in stochastic processes {d;} such that (i) {d;} is
bounded; (ii) (A.3) is satisfied for all ¢ > ¢y; (iii) (A.5) is satisfied for all ¢t > to; and (iv) dy,
satisfies (A.6). Pre-multiplying (A.3) by Us, we can show as in the proof of Lemma 9 that

QUQNEtdtJrl = UQth - U2Ns§t7

or equivalently that o o
E(I — QL Y)UyNd;] = Uy N5,

Using (A.16) to substitute for d;, this can alternatively be written
E(I - QL Y¢,] = UyN,5,. (A.33)
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Because of (A.30), the operator I —QL~! is invertible on the linear space of bounded processes
{#,}, so that for any disturbance process such that ||5|| < oo, (A.33) has a unique solution
such that ||¢|| < oo, given by

¢, = E[(I — QL 1) 1U,N, 5. (A.34)

Similarly, pre-multiplying (A.3) by U; and using (A.16) to substitute for d; yields
By, = N, — Uy N,5,. (A.35)
Using (A.16) to substitute for d; in (A.5), and shifting the time index by one period, yields

Fd‘_/l [wt—&-l - Etwt—&-l] = Fs [gt - Etflgt] - Fd‘_/Q [¢t+1 - Et¢t+1]

for each t > t,. Since F,;V; is an invertible square matrix (as shown in the proof of Lemma
11), this can be solved uniquely for v, ;. Substituting expression (A.35) for the conditional
expectation Fyt, ,, in this equation, and the solution (A.34) for both ¢, ; and its conditional
expectation, we obtain a law of motion of the form

V1 = Ny + 7041 (A.36)

for all ¢ > ty, where {r;} is a process satisfying ||r|| < oo that has been uniquely determined
as a function of the evolution of the exogenous disturbances.
Finally, using (A.16) to substitute for dy, in (A.6) we obtain

delwto = fto - Fd‘_/2¢t0'

Using the solution (A.34) to substitute for ¢, in this equation, the invertibility of F,Vi
implies that this equation has a unique solution for ¢, for any specification of the initial
conditions f;, and the process for the exogenous disturbances. Given this initial condition
for v, , the law of motion (A.36) can then be integrated forward, yielding a unique solution
for the evolution of {¢,} for all t > ¢y. It follows from (A.14) and the fact that ||r|] < oo
that this solution will satisfy ||¢|| < co. Our solutions for the processes {¢,,,} then imply
a unique solution for the process {d;}, using (A.16), and the bounds satisfied by the two
solutions imply that ||d|| < oo as well. Hence there is a unique solution satisfying this bound.
QED.

A.2 Proof of Lemma 1

There is no vector ¢, (1) # 0 such that @, (i)' [Jo — uBs] = 0 for all p. For if there did, the
vector

¢ (p) =P { @20(”) 1 #0

would satisfy (2.13), and this would violate Assumption 2. This implies that the pencil
Jo — pBs must be of rank ¢, which (since it is a square pencil of dimension ¢ x ¢) implies
that it is a regular pencil.



It follows from Theorem 3 of Gantmacher (1959, Chap. 12), or its version for a real
canonical form proved in Appendix D, that J, — uBy can be reduced to a strictly equivalent

pencil of the form X
[l — /.LG, 0
. A.37
{ 0 H' — plyy ( )
where G’ € RIX! (0 <1 < q) is a nilpotent matrix of the Jordan form (i.e., with ones on the

first super diagonal and zeros everywhere else), and H' e RlDx@D ig 4 block-diagonal
matrix of the real Jordan form. We can without loss of generality arrange the Jordan blocks

of H' as .
- Hy; O
H' = 11
where the invertible matrix H;; contains the eigenvalues with modulus greater than or equal

to 8, and H contains only eigenvalues with modulus less than §. Premultiplying the pencil
(A.37) by the invertible block-diagonal matrix

I 0 0
0 (Hj)™ 0
0 0 I, g,
yields a strictly equivalent matrix pencil of the form (2.29), where all eigenvalues of
G0
G = A :
[ 0 (Hj)™ ]

have modulus less than or equal to 37! and all eigenvalues of H have modulus less than f3.
It remains only to determine the dimensions of G and H.

The existence of a decomposition of the form (2.29) implies that the factors of the char-
acteristic polynomial P (A, ) defined in Assumption 4 are the same as those of

det [\ — pG'] - det [NH' — pl].

This implies the existence of a factorization of the form (2.22), where the {7,} are the
eigenvalues of G and the {n);} are the eigenvalues of H. It follows that G' must be of dimension
ks X ko and H must be of dimension (¢ — k3) X (¢ — k2) . Finally, since by Assumption 4(b),
|7;] < 1 for all 4, all eigenvalues of G must have modulus strictly smaller than 1.

A.3 Proof of Proposition 2
Premultiplying (2.24) by N} yields the pair of equations

Exip01 = Gy + N£1F2gt (A.38)
HIEtCC27t+1 = Tagy -+ N£2F2€t (A39

~—

using the decomposition (2.29), defining

v 2] = o

T2t

10
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N3,
Because all eigenvalues of H' have modulus less than 3, and {&,} is bounded for all dates
t >ty — 1, there is a unique process {zy;} consistent with (A.39) and such that ||xs|| < oo,
namely

o N, : e
and partitioning ), = { } conformably with the partition of x;.

vy =— Y (H'YNLI:EE,, ;. (A.41)
=0
Then in any period ¢, given the past, current and expected future values of the exogenous
disturbance process, and given the lagged expectations of JyF;_1y;,, equation (2.26) deter-
mines the value of X{.Jy;,, while equation (A.41) determines the value of x5, and hence of
H'x9;. We then have a system of equations of the form

Xi Tt = | 1o
[0 T, [ Ng | 7272 H'wy

to solve for Jpy;,, where all elements of the matrix on the right-hand side have been com-
puted. Since the matrix on the left-hand side is invertible by Assumption 5, this system has
a unique solution for Joy;,. Using this solution, we can in turn solve for

1t = [[ 0] NéJQy;t.

Combining this solution for z7; with (A.41), we have a unique solution for the entire
vector x;, given values of JoE; 1y3, and the evolution of the exogenous disturbances. And
given the value of x; in any period, equations (A.38) and (A.39) uniquely determine the
values of E; [21441] and E} [H'w9,41] respectively. This allows us to uniquely determine

Etxl,t+l ]

JoErys 101 = Ny [ Ei[H'xg441]

Thus starting from given initial conditions J,Ey, 15 ,,, we can uniquely solve for zy,, use
this to uniquely solve for J2Fy5, ., use this to uniquely solve for x4,.1, and so on recur-
sively, eventually obtaining a unique solution for the entire process {x;}, and hence a unique
solution for the entire process {y3,} , using the relation y3, = Ryx;.

This solution {y3,} is the only solution such that ||y5|| < oo, if any solution exists. But
one easily verifies that it is indeed such a solution. By construction, (2.26) is satisfied each
period, and also both (A.38) and (A.39), which suffice to imply that (2.24) is satisfied each
period. Moreover, the fact that all eigenvalues of G have modulus less than 1 implies that
the process {z;} constructed in this way satisfies ||z|| < oo, so that the associated process
{y3,} satisfies ||y5|| < oo. Hence all conditions for a solution are satisfied.

A.4 Proof of Lemma 2

Using the definition of ¢; and the fact that the matrix W is symmetric, we may rewrite the
objective function (3.3) as

m(ys &) = —% [yrwWw'y, — 2¢* (&) W'y + ¢* (§,) W (&,)]

11



so that

Dim(y; &) = — [yz{,w —q (ft” W' (A.42)
Dy [(Dy7 (y3€,))] = —wWu'
D, [ Diy (s ft))/} = wW [Dq" (&)].

The fact that the targets ¢* (§,) are achievable implies that in steady state, Dy (gj, E) =0,
using (3.4) and (A.42). It then follows from (1.12) that

¢ (I —pA)=0.
Assumption 2(b) then implies that @ = 0, so that S, R and B (L) reduce to
S=—-wWuw', R=0, B(L)=wW [Dg"(§)]-L.
The target variables and target values are then given by

7. = wWuw'g, =wW eq -q),

i = wW [Dg" (§)] - &,
where ¢ = w'y. Performing a first-order approximation to ¢* (¢,), we obtain

G =q" (&) =q () + [Dg* (€)] - & + O()
so that, using (3.4), we have
[Dg* (€)] - & = a; — a3+ O().

Using this, we can express the “target gaps” 7, — 7] as

7= 7r = wW (g — @)+ wW (¢f = q) + O(e%) = wW (¢, — ¢7) + O(€%).

A.5 Proof of Lemma 3

The fact that the pencil A — ul is of rank n < m implies that the columns are linearly
dependent, i.e., that there exists y (u) such that

[A—pIly(p) =0 (A.43)

for all p, though by Assumption 2, y (1) is of order greater than zero. Let ¢; > 1 be the
minimal order of solution y (1) that exists to (A.43). (A solution of finite order €; necessarily
exists.) Then Theorem 4 of Gantmacher (1959, chap. 12) implies that the pencil A — ul is
strictly equivalent to a pencil of the form

My (p) 0
0 BY - pJP

where Bél) — MJQ(D is a pencil for which the equation

1B — I3V 9 () = 0 (A.44)

12



has no solution of order less than ¢;.
If (A.44) nonetheless has a nonzero solution of minimal order €3 > €, then Theorem 4

of Gantmacher can be applied again to the pencil Bél) — uJQ(D. Proceeding in this way, one
eventually transforms the pencil A — uI into a pencil of the form shown in (3.6), where the
sequence of indices satisfies

€p > ... > €2 > €1 > 1,

and [By — o] is a pencil for which the equation

(B2 — pdo] (1) =0

has no nonzero solution, i.e., the columns are linearly independent.
By the same argument as in the proof of Lemma 1, Assumption 2 implies that there is
also no vector ¢ () # 0 such that

® (M)/ [By — pJy] =0,

i.e., the rows of the pencil are also linearly independent. Hence [By — p.J;] must be a square
pencil of some dimension ¢ x g. (Note that it is possible that ¢ = 0, i.e., that By and J, are
null matrices.)

Adding up the columns of the matrix in (3.6), one observes that

P

Zei—i-q:n.

i=1
Adding up the rows, one similarly observes that

P

Z(€i+1)+q:m,

1=1

from which it follows that the number of M; blocks must equal p = m — n.
This theorem implies that there exist nonsingular square matrices P, ) of dimensions
n x n and m x m respectively that satisfy (3.6).

A.6 Proof of Lemma 4

Suppose that (3.2) holds for any period ¢ > t,, and suppose that Assumption 2 holds. Lemma
3 then implies that there exist matrices P, () that define the decomposition (3.6), i.e., a
decomposition of the form (2.20). Assumption 4 then allows us to decompose conditions
(3.2) into separate subsystems as well. It follows from (2.21) that

] =[S R ey 1R
_ {Ul 0 Uy 0 H(Tll):sbl,t]
) @

0 X; 0 X,

13



so that
@1,7& - [ Ul 0 } (Tl_l)/(zbl,t + [ U2 0 ] (T2_1)/S~02,t (A-45)
Poe = [0 X J(T7) @+ [0 X2 ] (T5") @ (A.46)
Equations (A.45) and (A.46) respectively imply that
@1,:& - Etfl@l,t = [ U 0 ] (Tfl)/ (@u - Etflgbl,t)
@2,7& - Et—1¢2,t - [ 0 Xl } (T1_1>, (@1,:: - Et—lSNOLt) . (A-48)

Recall from Assumption 4 that both [ U, U, ] and [ X1 Xy } are invertible matrices,
and define the matrices V;, V5, Wi, and W, as in (3.10). Note that it follows from these
definitions that

—~
E]>
e~
~

N—r

%Ul = Ik:l) V71U2 = 0, ‘/QUl = 0, ‘/QUQ = Iﬁ_kl (A49)
WXy = I,, WiXo=0, WeX;1=0, WeXy=1I 4, (A.50)

Premultiplying (A.47) by V5 yields (3.11); premultiplying (A.48) by W3 yields (3.12). Hence
(3.11)-(3.12) must hold for all ¢ > t.

Conversely, suppose that (3.11)-(3.12) hold in some period ¢ > ty. Using (A.45), (3.11)
implies that

[ 1 0] (T57) (Pos — Eurae) =0,
Similarly, using (A.46), (3.12) implies that

[ 0 17 ] <T271)/ (Sbu - Etfl@gﬂg) = 0.
Together, these conditions imply that
(T{l), (S~02¢ - Etfl(,bQ’,) =0

which implies (3.2). Hence (3.2) must hold for all ¢ > .

A.7 Proof of Proposition 3

In order to prove Proposition 3, we make use of a further preliminary result.

Lemma 12 Suppose that there exist matrices P, Q) that define a decomposition of the form
(2.20), and that Assumptions 2, 4 and 5 hold. Then the ¢ X q¢ matriz

Wy

1 0] Rol (A.51)

1s invertible.

14



Proof. Let x be an arbitrary vector of length ¢, partitioned as in (A.40). By Assumption
5, knowing the values of the vectors X|.JoRyx and [0 I| NiJoRyx allows one to reconstruct
the entire vector JoRyx, and hence all elements of
T
Ny Rz — { - } |

Since the elements of [0 I] NjJoRyx = H'xq provide information only about the elements of
To, it must be that each of the ky independent directions of variation of the elements of x;
affects the elements of X{JoR,x in an independent direction. Thus Assumption 5 implies
that the ks X ky matrix

- I

== X!JR), { (’; ] (A.52)

is invertible.
Next, let » be another arbitrary vector of length ¢, and let

»=N1p = {01}
¥ 2 ¥ {902

One observes that
R . I 0 |. 7

Then in the case that
p=X1f (A.53)

for some vector f of length ko, it follows that ¢, = Z'f, where = is defined in (A.52).

Because = (and hence Z') is invertible, if for any ¢ of the form (A.53), ¢; = 0, it
follows that f = 0 and hence that ¢ = 0. But it follows from (A.50) that a vector ¢ has
a representation of the form (A.53) if and only if W2 = 0. Hence if any vector ¢ satisfies
both W3¢ = 0 and ¢, = 0, it must satisfy ¢ = 0. Alternatively, if it satisfies both the linear
restrictions Wa@ = 0 and [I 0] ReJ5@ = 0, it must be a zero vector. It follows from this that
the matrix (A.51) must be invertible. =

We may now proceed with the proof of Proposition 3. Let {72} be any process satisfying
||72|| < co. Because (3.6) is a decomposition of the form (2.20), Lemma 1 guarantees that
if Assumption 2 and 4 are satisfied, then there exist non-singular matrices Ns, Ry such that
(2.29) holds. Then premultiplying (3.9) by Ry and using (2.29) yields

¢ = BGE@ 1 — P, (A.54)
Eporer = (BT H)@oy + Tar, (A.55)
where ) )
o — | Pue 14 Tit | _ p o~
=7 = N. , y = RyTo.
Pt [ Do 1 2 Pt [ Fog ] 272t
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Because all eigenvalues of G have modulus less than 1, (A.54) has a solution for {¢;,} such
that ||p,|| < oo, given by

o0

¢ = —0 Z(ﬂGyEﬁl,tﬂ- (A.56)
j=0
Then in any period ¢, the value of

Py = [I 0] Ry é@zt

is given by (A.56), while the value of W)p,, is given by (3.12). Thus the values of both ¢,
and Wy, are given as functions of variables that are exogenous and/or predetermined in
period ¢. But Lemma 12 implies that the mapping from the linear space of vectors ¢ to the
values of ¢; and W5 is an isomorphism, so this system of equations can be uniquely solved
for the value of ¢,,. We thus obtain a unique solution for ¢,, as a linear function of E;_;(,
and the E;7; . for j > 0.

This solution for @,, allows us to solve for ¢,,, and substituting this into (A.55) yields a
value for Eyp, ., as a linear function of F; 10y, To;, and the F;7y 4y for j > 0. The solution
(A.56) implies that

Eyprip1=—0 Z(ﬁG)jEﬁ'l,tﬂ'ﬂ-
=0

Hence we can solve for the complete vector E;¢,,; as a linear function of £;_;(,, and the
exogenous state. Alternatively, we can solve for F;py,,; = NoFip,,, as a linear function of
E;_ 19y, and the exogenous state. Thus starting from an initial condition Ey, 19, we can
solve for ¢y, and FEi, @y, 41; using this solution we can solve for ¢, 1 and Ey 119, 10; and
SO on

recursively.

Thus it is possible to solve for the complete evolution {(,,} for all t > t,, given the
initial condition Ey,_1(,,, and the evolution of the exogenous state. By construction (A.54)
and (A.55) are satisfied for each ¢ > ¢y, which implies that (3.9) is satisfied for each t > t,.
Likewise, (3.12) is satisfied for each ¢ > ty by construction. Thus we obtain a process
{@y} that satisfies both (3.9) for all ¢ > t5 and (3.12) for all ¢t > ;. Moreover, because all
eigenvalues of 3~ 'H have modulus less than 1, (A.55) implies that the constructed solution
satisfies ||| < 0.

A.8 Proof of Lemma 5

Consider the case of unidimensional policy so that i = p = 1, and thus ¢; = n.
Suppose that (3.8) hold for all ¢ > ;. The first element of the vector of FOCs (3.8) can
be written
B =, (A.57)

while the j-th element (for 2 < j < n) can be written as

o N il
B 190&) = 7'3]2 - Et@pgj,tﬂ)- (A.58)
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This system of equations can be solved recursively for the {gpl 2} yielding

<,0§ = BE, [I7 (BL™") 71,4] (A.59)

for each 1 < j < n, where IV (i) is the j-th row of the matrix polynomial T' (1) . This gives
the vector of conditions (3.16).
The (7 + 1)-st element of the vector of FOCs (3.8) states that

B =#0, (A.60)
Substituting solution (A.59) for ¢ gpl t, we obtain
FY = B [BLTITT (BLTY) 71y (A.61)
which implies (3.17). Here we use the fact that
6 (1) = (=p)" [ehpr — p T ()]

where e/ is a 1 X (7 + 1) vector of the form e, =[0...0 1]. Thus both (3.16) and (3.17)
must hold in all periods t > t,.

To prove the converse, suppose that the processes {71;} and {¢,,} satisfy (3.16) and
(3.17) in all periods t > t,. Condition (3.16) implies (A.59) for each 1 < j < 72, which in turn
implies condition (A.57), and condition (A.58) for each 2 < j < f1. These are just the first 2
elements of the vector of FOCs (3.8). Condition (3.17) implies (A.61), which together with
the case j = 7 of (A.59) implies (A.60). This is just the (72 + 1)-st element of the vector of
FOCs (3.8). Thus the entire vector of conditions (3.8) must hold in each period ¢ > t.

A.9 Proof of Proposition 4

To prove Proposition 4, it will be useful to appeal to the following Lemma.

Lemma 13 Suppose that the processes {71} and {®,,} satisfy (3.16) for all t > to. Then
forany 1 < j<n, and any t > to,

Biziyjo1— Er1zepj = —(—B) 7 [sbﬁ? - Et—l@%{t) ; (A.62)

where go( is the j-th element of the vector ¢,,. When t = to, the expression Ey, lgogjt)o '

taken to Tefer to the historical expectations BEy,1[[V(BL™1)714,)-
Proof. Using the definition (3.15) we have
Evgpj— Bz = By [f'gﬂ'ﬂ -5 gt)—&—] ot -+ (=67 l)j_l%iﬁ]
—Ei [7’1 Y e NN (—5‘1)”"1%?;2]

= () H{B D (L) fu = B [ (527) ]}



Here, the first equality uses the definition of § (,u)', and the fact that E,71 4, = Er 1714k
for any k& > 1. The second equality uses the definition of T' (i), denotes by TV (u) its j-
th row. The third equality uses (3.16). In the case that ¢t = t(, the replacement of
BE; 1 [T7 (BL™Y) 714] by Et,lﬁfz is justified under the definition of Eto,lgbgfzo proposed
above. m

We may now proceed with the proof of Proposition 4. Condition (3.8) implies that (3.16)
and (3.17) must hold for all £ > ¢y, using Lemma 5. The fact that (3.16) holds implies that
(A.62) must also hold for all ¢ > ¢, using Lemma 13.

Let us first consider any period ¢ >ty + 7 — k1. Then

ik
Eivzpn, = Z (Eiy1—j 2tk — Bijzisn,) + B (k) 24
j=1
n—k1
—(k145) [ A(kr+i ~ (k1+j
= 8O ol - Beli)] (A.63)

I
N

J

Here the second line uses (A.62) to replace the first term on the right-hand side of the first
line, and uses (3.17) to eliminate the second term.

Given Assumption 6, (3.11) implies that the entire vector [gbu — Et,1@17t] can be recon-
structed from its first k; elements, using

. N 1 _ _
Pt — Et—1901,t = { (lf)l } [901,t - Et—l@l,t] (A.64)

for any t > ¢, + 1, where {, , is the vector consisting of the first k; elements of ¢, ;. Using
(A.64) to substitute for the terms on the right-hand side of (A.63), we obtain

A—ky
—(k ] _ _
Eizivr, = Z —(=8) (ki) ¢; [(pl,t—i-l—j - Et*jgol,t—i-l—j}

j=1
fi—k1
= Z(—ﬁ)_(klﬂ) Qb;'thrlfj
j=1
n—kq
—k1 ¥aY]
= (=8 ¢ (A.65)
j=1

= (=B) " tr[e9],

which establishes (3.20). Here we use the notation ¢ for the j-th row of ® and the notation

QJ for the j-th column of ;. In addition, the second line uses Lemma 13 to substitute for
the elements of @,y ; — Ey_;jp1,,, ;, and definition (3.18), while the third line uses the
definition of €.
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Let us now consider any period ¢y <t <ty + n — k1. Then

t—to
Eiziyn, = Z (Brs1—iZiky — Bijziiny) + Eig 2,
j=1
t—to ‘
= (=B8)">_ ¢ + Eiyziin,, (A.66)
j=1

where the second line is obtained using the same reasoning as was used to derive (A.63) and
(A.65).

For the given historical expectations e;,_1, let Z14,—1 be given by (3.21) where Xto_1 18
the vector whose j-th element is given by (3.22). With this definition, (3.13) together with
(3.8) and Lemma 5 imply that

‘/2 |:<bl¢0:| = ‘/QEto—l [@17?50] + ‘/22Xt0—1’
Premultiplying by V,,' and noting that ® = —V,,' V5, this yields

[_® [ﬁ*kl] [()/\Ol,to - Et0*1¢1,t0:| = Xto—l?

which can alternatively be written

[(I) (_Iﬁ—’ﬂ)] Wty = Xtg—1> (A67)

using Lemma 13 and definition (3.18).
For any 1 < j <@ — kq, the j-th row of (A.67) can be written

— ki1+7
¢;‘wto = (=8)"" [Bw otk +j-1 — Erg-12tg4 1k 4+5-1]

n—ki1—j
k1+j —i _
= (=8) o Eiy—12tg4k14j-1 — Z (—6) ¢;+@'wto—i7
i=1
or alternatively,
i—k1—j ik
ki+j —i _ j
(_5) Y By 2o 4ki4j-1 = Z (_5) ¢;‘+iwto—i = Z (_ﬁ)j ¢ZQZ)+]‘—1'
=0 h=j
Thus if we let j =t + 1 — tg, we find that
-k
Bz = (=07 Y oh9.
h=t—to+1

Using this to substitute for the final term on the right-hand side of (A.66), we obtain

n—ki1

Ezir, = (—5)_k1 Z Qb;'an

=1

so that (3.20) is satisfied for each ty < t < to + 7 — k. Since we have already shown that
(3.20) holds for any ¢t > tq + 1 — ky, it follows that (3.20) is satisfied for each ¢ > ;.
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A.10 Proof of Lemma 6
For period ty, conditions (3.23) and (3.24) hold by assumption, given the initial condition

(3.13) and the initial Lagrange multipliers (3.21). Next, (3.8) implies ¢, , = SE[I(BL ") 71,
at all dates t > to, by Lemma 5. Using this, conditions (3.11) in turn imply that

Va @iy = Ve Eiapry = VaBE[D(BLT )71

for all ¢ > ;. Equation (3.23) thus holds in all period t > t;, where =, ;_ is given by (3.24)
in period t = {3, and
E1i-1 = VaBE 1 [D(BL ™ )71,]

for all ¢ > to. To prove that (3.24) holds at all dates, we need to show that Vaex, ; = 0 for
all periods t > t.

Given the initial Lagrange multipliers =, defined in (3.21) and using Proposition 4
implies that (3.20) must hold at all dates ¢ > ¢,. Condition (3.20) then implies that for any
t>tyand any 1 < j <n — ky,

Eizpirrjor = Ei[Brjoizipmsi—1] = (—8) " tr[® EQuyj 1]
= A E (=8 g o+ (BT G B ]
= (_5)4{1 [(—5)7]' #@t +.+ (_5)7@71{:1) ¢%—k1wt+y‘+k1—ﬁ]

fi—k1—j

= (=B " D" (). (A.68)

=0

Using this to substitute for E;_;2;4k,4+;-1 in (3.22), we obtain
Xt = @By 1w =0

for allt > ty, and any 1 < j < n—#k;. It follows that x,_; = 0, and hence that V53x,_; = Ofor
all t > .

A.11 Proof of Proposition 5

Let the process {(,,} be given by (3.16) for all ¢ > #,. Note that if k1 < 7, satisfaction of
(3.20) for all t > t, implies that

Eizpin = Fy [EtJrﬁfkl Zt+ﬁ] = (_5)%1“[@ EtQIH”ﬁfkl] =0

for any ¢ > ¢y, using the fact that F,w,; = 0 for any ¢t > ¢y and any j > 1. But if ky = 7,
; is a null matrix, and (3.20) also implies that F;z;,7 = 0 in this case as well. Hence the
target criterion (3.20) implies condition (3.17). Then by Lemma 5, the fact that (3.16) and
(3.17) hold for all t > to implies that (3.8) holds for all ¢t > .

Recall from (A.68) that condition (3.20) also implies

fi—k1—j

Bz 4j—1 = (—B)~ "t Z (-8~ QWi

1=0
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for any t >ty and any 1 < 5 < n — k. It follows that for all t >ty and all 1 < j <n — ky:

Eiziiky+j-1 — Bt12Ztiky +j-1 = (_5)_(k1+j) 925;'@
so that ) -
(=8) [zt — Er124]

_ | O™ [Eiziik -1 — Ei1zi40k, 1] I, -
(_5)k1+1[EtZt+kl — By 12k, 4

L (_B)ﬁ[EtZt—e—ﬁ—l - Et—12t+ﬁ—1]
Premultiplying by V5 implies in turn that

I
Vawy = [Viy VQQ][Q}W:O

for any ¢ > to. For the process {{, ,} given by (3.16) for all t > ty, we can apply Lemma 13
to express w; as

Wy = — [@u - Et%@l,t}

for all ¢ > t,. Since Vow; = 0 for any ¢ > ty, equation (3.11) must hold for all ¢ > ¢,.
To show that the initial condition (3.13) also holds, where the vector Z; 4,1 is defined
by (3.21), note that (A.68) implies

fi—k1—j

(_ﬁ)k1+jEtoZto+k1+j71: Z (_6>7i¢;+iu_}t07i

=0

for any 1 < j < n — k;. Subtracting qb;wto + (—6)’““ Ety—1%t+k,+j—1 on both sides (where
again expectations taken at date o — 1 denote historical forecasts) yields

_ k14 j
—¢;wt0 + (—5) v [Etozto+k1+j—1 - Etoflzto+k:1+jfl] = —Xi0_1

where X{071 is the j-th element of the vector x, _;, defined in (3.22). Since the previous
expression holds for any 1 < j < n — k;, we may rewrite it in matrix form as

[_(I) [ﬁ—kl] Wy = ~Xto—1s

using definition (3.18). Using again definition (3.18) and Lemma 13 we can equivalently
rewrite this as

[_® ]ﬁ_kl] [@1,7&) - Et0_1¢1,t0:| = Xt0717
or as
Vadray = VaEirg1 [@14,] + VorXsg—1s

after premultiplying on both sides by V5,. Using (3.16) to replace ¢, ,, with SEy, [[(BL™")714,)
on the right-hand side yields the initial condition (3.13), where the vector Z; ;,_1 is defined
by (3.21).
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B Linearization of the FOCs

In this section, we provide a linearization of the first-order conditions (1.8).

B.1 Linearizing (D7 (y;,&,))" .

We note that (Dy7 (y,&,))" is a (m x 1) vector-valued function. A first-order approximation
of this vector function yields

(D17 (ye,&,)) = (D1m)" + Dy [(Dim)] (ye — 5) + D2 [(D1m)'] (&, — &) + O(€7).

B.2 Linearizing (D1 F (y;, &5 9-1)) 0y

To approximate the vector functions (D1 F (v, &,;9,-1)) 04, recall that the matrix function
(D1F (yi,&590-1)) is (m x k) and 6, is a (k x 1) vector. It will be convenient to rewrite
(D1 F (y;,&490-1))" 0, as follows

(D1F (Y€1) 00 = wvee [(DiF (Y, &3 -1)) 04) = vee [Ly (DiF (i, £ ye-1)) 0]
= (0, @ 1) vec[(DiF (g1, & m-1))'] -

We can then write the (m x km) matrix (0, ® I,,,) as
0, @ In) = (9’ ® Im> + (0, In) — (9’ ® [m>
— (é’@]m) + (é@@]m) .

where 6; = 6, —0. Next, the (km x 1) function vec [(D1F (yt, &3 91-1))'] can be approximated

as follows

Ovec [(D,F)' 0 Dy F)

Ouee (D] () QveelDiE)]
Iy; 9&;

(ye-1 — 7) + O(€%)

vee [(D1F (g, &3 9e-1))'] = wvee [(DiF)] +

+6vec [(l?lF)'}
Ay

(& -9

which can be written as
vec |:(D1F (yt; €t7 ytfl))/] = vec [<D1F>,} +D1 [(DlF),] gt+D3 [(DlF),] gtfl—i_DQ [(DlF)/] ét—FO(GZ).
A first-order approximation of (D1 F (y;,&,; 1)) 04 is thus given by

(D F (Z/tafﬁyt—l))let

= [(7'@ 1) + (8@ L) | x {vec [(DF)] + Dy [(DFY] 5

+%Kapﬂ@4+mﬁpmﬂ&+o@ﬁ

= (0' ® I,){vec [(DiF)'] + Dy [(DiF)'] § + D3 [(DiF)'] §o—1 + D2 [(D:F)'] &,}

+ (0, ® I,) {vec [(D1F)'] 4+ Dy [(D1F)') i + Ds [(D1F)] Gie—1 + D [(D1F)'] &}
+ O(é?)
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Note that several elements of the last two lines are of order O(e?). They can thus be omitted as
part of the approximation error. Furthermore, as (9' ® Im> vec [(D1F)'] = vec [I,, (D1 F)' 6]
= (D, F)" 0, we can rewrite
(DVF (&) 00 = (0% L) {1 [(DyFY] G+ Dy [(D1FY] Gy + D2 [(D1FY] €}
+(D1F) 6+ (DyF) 0, + O(e?).

B.3 Linearization of the FOCs

Having linearized the two vectors described above, we are now prepared to provide a first-
order approximation to (1.7):

0 = Dy [(Dim)] 9+ Dy [(Dim)] &,
4 (DyF) 8, + (?)’ ® Im> {Dl [(DyFY] G + Ds [(DyFY] -1 + Dy [(DyF)] ét}
+BE, {(DSF)’ét+1 + (9’ ® Im> {D1 [(DsFY] i1 + Ds [(DsF)] 4 + Dy [(DsF)'] ém}}
+(D1g) O, + (6' @ L) { Dy [(D19)] G+ Ds [(D19)] Eefies + D2 [(D19)'] €.}
+B87 (Dsg) Oy + (' @ 1) B~ {D1 [(Ds9)'] Gt-1+ Ds [(Dsg)'] G + D2 [(Dsg)'] gt—l}
+(D1mr) + (DyF) 0+ B(DsF) 0+ (D1g)' © + 87" (D3g) © + O(€2).
Using the fact that in steady state
0= (D7) + (D1F) 0+ B(DsF) 0+ (Dyg) ©+ 3" (Dsg) O,

the last line reduces to the approximation error.
Let us define

S

Dy [(Di7)] + (8 @ 1) { Dy [(DyF)] + BDs [(DsF)]}
+(0'® I,) {D1 [(D1g)'] + 87" Ds [(Dsg)'] }
R = (0 @1,) D [(DiF)] + (6 @ L) 57Dy [(Dsg)]
Rt = (é’ ® Im> Dy [(D3F)] + (6 ® I,) B' D3 [(D1g)']
and the matrix polynomial
B(L) = {02 [(Dy7)'] + (é’ ® Im) Dy [(D1F)] + (0" ® In) Dy [(Dlg)’]} L
+871(6/ @ 1) D [(Dsg)] - 12+ 8 (8 @ L,) Dz [(DsF)']
Using this, we can rewrite the approximation to the first-order conditions as:
0 = Siji+ Riji1 + BR'Efjpss + E, [B (L) Etﬂ]
+ (D3FY BE8;41 + (D1g) ©; + (D1 F) 0, + 871 (Dsg)' ©4_1 + O(€?)
= G+ Ry + BR By + By [B(L) & | + B [(A= 7IL) iy | + O(),
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These conditions further reduce to (2.16), using the following lemma.

Lemma 14 If7n (), F () and g () are twice continuously differentiable, then S is a symmetric
matriz (ie., S=2S") and R = R'.

Proof. We start by showing that
(7 @ 1) Dy [(DsFY] = { (7' @ 1) Ds [(D:FY] }

Expanding the derivatives, we have

aFl/ayl,tfl ce 8Fk/8y1,t71
N Ovec : :
dvec < )
, y;_, OF1/OYmy—1 -+ OFL/0Ymu—1
Dl[(D?’F)]: o' = B
Yy Yt
so that ) . N . )
Oy1,t—10y1,t OY1,t—10Ym,t
0% L. 0%2F
OYm,t—10Y1 ¢ OYm, t—10Ym,t
/ . .
D: [(D3F)] = : :
Oy1,t—10y1, OY1,t—10Ym,t
_ PR PR
| Oym,t—10y1,¢ OYm,t—10Ym,t

By Young’s theorem, if F () is twice continuously differentiable, then 6?F;/ (Qyk—10y1s) =
O*F;/ (0y1.410yp—1) for all j, k, 1. It follows that

(9’ ® Jm) Dy [(DyF)]

i 0%ry . 0% Fy )
0y1,60y1,t—1 OYm,t0y1,t—1
3 4 R . R
01 0 em 0 0Y1,t0ym,t—1 OYm ,t0Ym,t—1
m 0y1,:0y1,t—1 OYm,t0y1,t—1
2F ... __PF
L Ovy1,:0Ym,t—1 OYm,tOYym,t—1 |
g om . 4p KR . p _PRH . p _ PF
1 ayl,t?yl,tfl + + Qm 3y1,t<29?41,t71 1 8ym,t28yl,t71 + + Qm 3ym,t23y1,t71
0, om .. .,p _ 9F 0, 9°Fm .. ,p _ OF,
_ layl,tay2,t—l + + ™M Qy1,:0yY2,t—1 18ym,tay2,t—1 + + emaym,tayQ,t—l
0, 2P L 0K 0. 0*F 0 _ 0K,
L By1,40ym.t—1 + +Om 0Y1,t0Ym,t—1 L 0ym t0ym.t—1 + +Om OYm,t0Ym,t—1
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On the other hand:

OF1 /0y -+ OFy/0y14
Ovec : :
/ OF1/0Ymys -+ OF)/0ym,
Dy [(DyF)] = - 5y, t
-1

so that using again Young’s theorem, we have

{ (é’ ® Im> D [(DyF)] }

/!

( i 2R 2R 1Y)’
0y1,:0Y1,4—1 0Y1,t0Ym,t—1
- - R ?F
91 O em O 8ym,tayl,tfl 8ym,taym,t71
0 91 0 9 aQFk . 82Fk
m 0y1,t0Y1,t—1 0Y1,t0Ym t—1
_ R, ., __ K
\ L 6ym,t8y1,t71 8ym,tay'm,tfl d )
[ g _m .. g K . g K ... g __PF
o 0y1,:0y1,t—1 + + Qm 0y1,:0y1,t—1 elaym,tayl,tfl + + Qmaym,tayl,tfl
0 PR 0 9%Fy, il 0% Fy 0 9% Fy,
L ‘91 0Y1,t0Ym,t—1 + + emayl,taym,t—l 91 OYm,tOYm,t—1 + + emaym,taym,t—l

which is equal to the expression derived before for (9’ ® Im> D, [(D;),F )'] .

— _ !/
Having shown that <9I ® Im> D, [(DgF)I] = {(9/ ® Im> Ds [(DlF)']} , it is then easy
to see (when replacing 6 with © and F with g) that

!/

((:)/ ® [m) D, [(Dgg),] = {((:)/ ® [m) D3 [(D19),}} )

It follows that R = R'.
A similar derivation can be performed to show that

(9/ ® Im) D; [(D;F)] = {<9I ® Im) D; [(D;F)'] }I
(0'® Inn) D; [(D9)] = {(&'® 1) D; [(D9)]}

for j = 1,3, and Dy [(Dy7)'] = {D1 [(Di7)'] }/. This implies that the matrix S is symmetric.
]

C Second-Order Conditions

We now perform a second-order approximation of the Lagrangian (1.6) around the optimal
steady state. This involves a second-order approximation of each of the three terms in the
square brackets of (1.6), evaluating the derivatives at the optimal steady state.
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C.1 Second-Order Approximation of the Lagrangian

A second-order approximation of the function 7 (y;, ;) yields

(
T(y.&) = 7(5.8)+ [ Dimr Dor | {gt}
]

Do ) [ 2] 2 o)

A second-order approximation of the function 6, F (y, &,;y:—1) yields

t
OLF (Y Esye) = 9/[D1F DyF DsF || ¢,

Yt-1
Yt
—i—% [ Ui %i Ui 92 } H (@'F) g]ftl + O
0

where the Hessian matrix

| (é’ ® Im) Dy [(DyF)] (é’ ® Im> Dy [(DyF)] (é/ ® Im) D5 [(DyF)] (DyFY
y @, F) _ (9’ ® 1,15) Dy [(DyF)] (?)’ ® 1,%) D, [(DyF)] (é’ ® In5> D3 [(DyF)] (DoF)

(0" ) Dy [(DsF)] (0 @ 1) D2 [(DsF)] (8@ L) Dy [(DsF)Y] (DsFY
D F Dy F DsF 0

has ji blocks of the form

Hji (0,F (ye. €3 ve-1)) = D {[Di (0,F (ye, &3 9e-1))]'}

evaluated at the optimal steady state, where the indices j,i = 1,...4, refer respectively to
the vectors y, &, Yi—1, 04, and where n¢ is the dimension of the vector ,. This approxima-
tion involves neither a constant term nor a first-order term in ét, as we use the fact that
F (7,&9) = 0 in the optimal steady state. To obtain the derivatives Hj; (0,F (¢, &5 ve-1)) ,
for 5,0 =1,2,3, we use

Hji (0.F (Y1, & 1)) = D {10.DiF (Y, & 9e-1)] } = Dj {[DiF (ye, &5 ye-1)] 04}
Dj {vec ([DiF (ye. &3 1-1)] 00) } = D {(0, @ I) - vee ([DiF (s, & pe-1)]) }
= (9; ®1)- D; {[DzF (Ye, &4 ytfl)],} .

To obtain second-order approximation of ©;_ ;g (yt,l, & qs yt) , we proceed similarly, replac-
ing F'( ) with g () and 6; with ©,_;.
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The second-order approximation of the Lagrangian is thus given by

_ = y D)
Ly, = Ey {Zﬁt fo ( (y 5) + [D17T, D27T] { gt } 5 [ 5ti| [ EDl;TH
t=to t 2
[
) i :
+0 [D1F, Do F, D3 F] &4 +5 [yhgtayt 15 ] H <9 F) ?jtjl
Ui—1 ét
_ ?gt_l 6_1 ~/ i =
+671®/ [Dlga D297 D3g] gtfl + T [gz—la gt—la yt7 @:t 1 H (@/g)
Ut

+0(e%)

Expanding this expression, recognizing that each quadratic term is a scalar so that it is
equal to its transpose, and using the definitions of the matrices A, [ and C in (2.8), and of

S, R and the matrix polynomial B (L) in (2.16), we can rewrite the Lagrangian as

{Zﬁt 0 ( (9.€) + [D27T+9 (Do F )] &+ 8710 (Dag) &,y

t=to

458 (D (DoY) + (7 © ) Do [(DoFY]) &+ Py (60 @ 1) Da [(Da) ] &y

+ [Dim+ @ (A= B71)]

5 1
+87 8} Aljg—1 + 0, (DoF) &, + 870, 1 (Dag) &4

+B710 Afjyy—1 + %géo—l {(9, ® Im) D5 [(DsF)'] + B (0 ®1,) Dy [(D19)'] } Yto—1
i { (é’ ® Im> Dy [(DsF)] &, + 7 (8 @ 1,,) Dy [(D1g)] éto_l} n

In deriving this expression, we use the properties of the transposes discussed in the proof

of Lemma 14, so that, e.g.,

(7 1) D1 [(D:F)] = { (7 @ 1) Do [(DuF)]}

In this approximation of the Lagrangian, we note that the terms in the first two lines are
either a constant, or functions only of exogenous disturbances, so that they are independent
of the path of endogenous variables (hence of the policy chosen at date ty). Furthermore,
the steady-state condition (1.12) implies that the term in square brackets in the third line
is equal to zero, thereby cancelling the terms that are linear in y;. In addition, the last two
rows involve terms independent of any policy chosen at date ty, and terms of third order or
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smaller. It follows that the Lagrangian can be rewritten as
[ee] B R 1 R R 5 B . ~ R s

Ly, = Ey {Zﬁt fo {y; (553/16 + Ry + [B (L) ft+1] + (A —p IIL),%H) + 902+1C£t+1} }
t=to

+5719~0;0A/§t071 + é;o (Do F) %to + 571(:);071 (Dag) éto—l + tip + O(€%)

where tip denotes terms independent of policy chosen at date .

C.2 Perturbation of the Lagrangian Around the Optimal Steady
State

As discussed in section 2.2.1, we consider a perturbation of the path {y;} from its optimal
steady state equilibrium, maintaining the other vectors &,, 6;, ©; unchanged. The perturba-
tion is such that y; = g, for all ¢ < 7, and an arbitrary date 7 > o, while §7.;, = ¥4 + cy;
for all 4 > 0. Here {y;} is a bounded sequence of vectors of dimension m, not all equal to

zero, such that B B B
Iy =0, Ay; — Ty;.1 =0 foralli >0, (C.1)

and ¢ is a random quantity, the value of which is determined only at date 7. (In the case
that ¢ is determined at date 7 = t, then it turns out that € is a deterministic quantity).

The perturbed path {7} remains consistent with the linearized structural equations
(2.8)—(2.9) as long as the random variable ¢ has conditional mean zero as of date 7 — 1
(regardless of the state of the world at that date). If we let € be some mean-zero bounded
random variable with unit variance multiplied by a scale factor |¢|, then for any small enough
value of ||, then this also approximates a feasible perturbation under the exact structural
relations (1.2)—(1.4), up to an error of order O(|¢|?).

In the perturbed equilibrium, the Lagrangian is equal to

7—1

o[ (Lan | o - N .

Eio = Eto {Z 5t o {yt (55% + Ry + [B (L) 5t+1] + (A - p 1IL) ¢t+1) + th+105t+1:| }
t=to

+Et0 {Bt_to (?jT + 5?/0)/ R'gT—l}

- T+i— ~ / 1 ~ /(5
+Ex, {Zﬁ Fito |:(y7'+i + €y;) (55 (Urgi + i) + BR (Grqitr + €Yiv1) + [B (L) €T+i+1}
i—0

+ ([1 - 6_1]_[’), @r+i+1) + ¢;+i+1C_’ET+i+1i| }
""671@::0;1,@071 + é;O (Do F) éto + 571(:)::0—1 (D2g) %to—l + tip + O(|e, e]?).

The increase in the Lagrangian due to the perturbation can thus be expressed as

S T+i— 1
L, =Ly = Ey {Zﬁ e <§ [yéSyi + yi 1 BRy; + y;ﬁR,yi—‘rl} &
i=0

+y; [Sg'r-l-i + BR Grsiv1 + Rijryioa + (A — 571[_L)/ Priiv1 + B(L) %T+i+1] 5) }
+O(le, e?).
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Since the linearized first-order conditions (2.16) imply that the term in square brackets in
the second line is of second order, this term becomes of third order once multiplied by ¢, so
that the increase in the Lagrangian due to the perturbation reduces to

o

1

Ly — Ly = 3 Z BT [y Sy; + yi 1 BRY; + YiBR Y] |e” + O(le,e*).

1=0

D Real Kronecker Canonical Form

The following theorem adapts Gantmacher’s (1959) proof of Theorem 3 (Chap. 12, vol. 2)
to the case of a real Kronecker canonical form of regular matrix pencils.

Theorem 7 Real Kronecker canonical form. Consider the matrixz pencil A— ,uf , with A, I €
R™ ™. Suppose that its characteristic polynomial det[A — pl|, of order n — k, for 0 < k <n,
18 not identically zero. Then there exist non-singular matrices U,V € R™™ satisfying

o(a-u) V=[5 ][ 0l ]

where H € R¥* s a nilpotent matriz of the Jordan form (ie., with ones on the first super
diagonal and zeros everywhere else), and G € R(”:k)x(”_k) is a block-diagonal matriz of the
real Jordan form. Fach of the diagonal blocks of G is either of the form

w1 0 0
0 p 1
S 0 (D.1)
S
L 0 0 ]
where 1; € R, or
[ M, I, 0 0 ]
0 M, I
L 0 (D.2)
‘. ‘. IQ
| 0 0 M, |

where the submatrices M; are of the form

Q; 51
Mi:{_ﬁi Oéi]

with a;, 5; € R. Furthermore, the n—k finite eigenvalues (including their algebraic multiplic-
ity) of the matrizx pencil A—pl are equal to ergenvalues (including their algebraic multiplicity)
of the matrix pencil G — ul.
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Proof. Note that P (u) = (A — pl) is a regular pencil since A, I are square matrices and
det[A — pI] is not identically zero. Then there exists a number ¢ € R such that A; = A — ¢l
€ R™*" satisfies | A;| # 0. We represent the given pencil in the form P (1) = A—el —(u—¢) I
— Ay —(pu — ¢) I, and multiply it on the left by A7 to obtain A7*P () = I—(u — ¢) A7'. By
similarity transformatlon into a real Jordan canomcal form (Laub (2005), p. 83), there exists
an invertible matrix 7 € R™*" such that A7*] = T{Jy, J}T " where {Jo, J J} € R™™ denotes
a block diagonal matrix in which Jj is a nllpotent Jordan matrix, and J = {J;, Js, ..., J )
is a real, block diagonal matrix which satisfies det J # 0, with each block being of the form
(D.1) in the case that p, are real eigenvalues of A;7'I, and of the form (D.2) in the case of
complex conjugate eigenvalues u; = «; £ i of Aflf :
Using this we can put the pencil in the form

ATP () =T = (n— o) T{Jo, JYT™

or equivalently ) 3
TYAT'P ()T = {I +cJo— pJo, I +cJ — puJ}.

Multiplying on the right by {(I + ¢Jy)*, J~'} we have?
TATIP (W) T{(I + o) L T Y ={I — (I +cJy) " Jo, (J 4 ¢l) — pl}.

By a similarity transformation, we can write (I + cJo)f1 Jo = ToHT, o' where Tj is a real
matrix which satisfies |T0] 7& 0 and where / = {H®), {2 H®)} is a Jordan matrix in
which the submatrices H® of order u are have ones on the ﬁrst superdiagonal and zeroes in
all other elements. (This is because Jy, and hence (I + cJO) Jo, are nilpotent and that all
eigenvalues of a nilpotent matrix are always 0).

Thus by multiplying the matrix pencil above by {7 ', 1} on the left and {7y, I} on the
right, we get

UA—pu)V = {T;VT — uTy o (I+cdy) Ty, (J 4 ¢l) — pl}
= {I—pH,G - pl}

where U = {Ty ', [ITTAY, V = T{(I + c¢Jo) ', J'H{Tp, I}, and G = J ! + I are real
matrices. Given that the matrices U and V' are non-singular, the matrix pencils (A — ul )
and {I —puH,G — I} are strictly equivalent (see Definition 1, Gantmacher, 1959, Chap. 12).
It follows from Theorem 2 of Gantmacher (1959, Chap. 12) that these two matrix pencils
have the same (“finite” and “infinite”) elementary divisors. Since all k infinite elementary
divisors of (A — ,uI ) are associated with I — uH, and the n — k finite elementary divisors are
associated with G — I, the n— k finite eigenvalues (including their algebraic multiplicity) of
the matrix pencil A — u[ are equal to the eigenvalues (including their algebraic multiplicity)
of the matrix pencil G — puI. Thus H is of dimensions k x k while G'is (n — k) x (n — k). =

25Note that (I+cJo—pdo) (T+clo) ™ = T —plo(T+cd)™ = T—pu(Jg)  U+cl) ™ =1 -
p((T+cd) Jg) =T —p (T +el) =T —p(Jy T +ed)) =T—pu(I+clo) ™" o
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~ We have thus shown that for any real regular pencil A — uf , there exist real matrices
U,V such that
I 0 s

2 IV =
. } i [

av - | i ]

0 I

where G is an invertible matrix of the (real) Jordan form and H is an nilpotent matrix of
the Jordan form.

E Target Criterion in Model of Section 4

E.1 Some Details on the Model

In this model, each household seeks to maximize its lifetime utility

[e.o]

B,y g {ﬂ (Cr &) — /Olﬁ(ht (7): &) dj]

t=to

T a—1)010D) e e s )
where C; = [ Jo e (4) } is a Dixit-Stiglitz aggregate of consumption of each of a
continuum of differentiated goods, with an elasticity of substitution # > 1, and h.(j) is the
quantity supplied of labor of type j. Each differentiated good is supplied by a single mo-
nopolistically competitive producer who uses labor of a particular type. The representative
household supplies all types of labor. The preference functions are assumed to be of the form

ol get 5 . A T
-+t O(he (j);6) = ——h(§) " hy”

'&(Ctast)z 1_6_71 ) 1—|—l/

where 6,v > 0, and {C’t, l_zt} are exogenous disturbance processes included in the vector &,
which is assumed to be bounded up to some date T, and constant for all ¢ > T.
Each specialized good is produced according to the production function

y (i) = Aghy ()¢

where A; is an exogenously varying technology factor (also included in the vector &,), and
¢ > 1. Implicitly, we consider other factors of production such as the capital stock as
being constant or exogenously varying. Aggregate output Y; in turn relates to consumption
according to

Y, =Ci+ Gy

where (G; denotes exogenous government demand for the composite good and is also included
in the vector &,.

As Benigno and Woodford (2005) show, the utility of the representative household, which
is also the policymaker’s welfare objective function, can be expressed in the form (1.1) where
the period t utility is

(Y, &) = U(Ye, Ay &) = u (Vs ) — o (Vs &) A, (E.1)



where
u(Yy, &) =a (Y —Gr&), v(Yu§) Ef}((Yt/At)(b?ft)

express utility as functions of aggregate output and have the properties o™~
Y /)C >0, w=0vyyY /vy =vyY /v —1>0, and

1 . —0(14w)
A, = / (pt (Z)> di > 1
t 0 Pt -

is measure of price dispersion at date t, where p; (i) denotes the price of individual good i

and P, = [fol » (i)1_€:| 1/(1-6)

The producers are wage takers on the labor market and choose their prices to maximize
the present discounted value of future after-tax nominal profits. As in Calvo’s (1983) model
of staggered pricing, we assume that producers fix the prices of their goods for a random
interval of time, and that a constant fraction o € [0,1) of prices remain unchanged in any
given period. As shown in Benigno and Woodford (2005), since all suppliers that revise their
prices in period ¢ face the same problem, they all choose the same new price p; satisfying
the first-order condition

1 = _UYY?/UY =

is a Dixit-Stiglitz price index.

(K o0
P (Ht) (2
where
H, = E; Z (045)T_t (1 —=<r)-uy (Yr,&p) - Yr - (PT/Pt)Q_1
| 7=t
(& L, O w
Ko = E |3 (aB)™ 75 oy (Vegr) - Vi (Pr/P)" )]
=

and ¢; € [0,1) is an exogenous tax rate on sales revenues and p;’ > 1 is an exogenous markup
factor on the labor market.
The price index in turn evolves according to a law of motion

ol _p11/(1—6
P, = [(1 —a)pit 04 &Ptl_ﬂ /=0 (E.3)

Combining (E.2) with (E.3) yields

1— oIl [H,\ s
i _ (H E.A

where I, = P,/ P,_; is the gross inflation rate. This expression is a short-run aggregate supply
relation between inflation and output, given the current disturbances £, and expected future
inflation, output, and disturbances.

Using again (E.3), we can also obtain an expression for the evolution of the measure of

price dispersion
0(1+w)

1—all]"\ ™1
Ay = al, I 4 (1 - @) (#> : (E.5)

l—«
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We assume that the government imposes lump-sum taxes on households so as to guarantee
its intertemporal solvency regardless of monetary policy actions. In addition, we abstract
from monetary frictions that would generate a demand for money, and assume that the
policymaker can control the riskless short-term nominal interest rate and that the lower
bound on nominal interest rates never binds. While the optimal intertemporal allocation of
households’ expenditures determines period-t output as a function of expectations of future
output, inflation and the nominal interest, this doesn’t constitute a constraint on the policy
problem as the central bank can always choose a nominal interest rate that satisfies this
equation. As a result, the only relevant constraints facing the policymaker are given by
(E.4) and (E.5). While the former prevents the central bank from simultaneously stabilizing
inflation and output, the latter determines the evolution of the price dispersion, i.e., a key
source of welfare losses.

It will be convenient to rewrite the expressions for H;, K; in recursive form as in (4.2),
(4.3), and to use (E.4) to substitute for the variable II; from the system. The resulting
restrictions (E.5), (4.2)—(4.3) can then be expressed as in (1.2)—(1.3) where

F(y,&s9-1) = _At‘i‘f(Atfl’Zt) (E.6)
9o & ve) = 9V &) — Ze + aB®(Zia) (E.7)

1 1—a«a/(H, o | O H,\ t+e?
t +w ¢ +w

— - _|_ ]_ — -

[0 (0 (}(t> ] ( ) ( t)

[ M ] e o))

where

]E(At—laZt) = ol

9V, &)

and the vector of endogenous variables is given by y; = [Y;, A, H;, K,]", while Z, = [H,, K,]'
is a subset of the endogenous variables.

E.2 Steady State

We now show that an optimal steady state exists in which the inflation rate is zero (Il = 1).
The optimal steady state is described by constant vectors (gj, ?, 5) satisfying (1.10)—(1.12),
or, in this model,

~A+f(AZ) =0 (E.8)
9(Y,8) = Z+ap®(Z) = 0 (E.9)

Uy (Y, 4;8) +gv(Y, )0 = 0 (E.10)

Ua (Y, 0:;8) + (Bfa (A, Z)—=1)0 = 0 (B.11)
7 (A, 2) 04 (a®(Z) —1,)© = 0, (E.12)
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where Z = [H, K|’ together with the steady-state versions of equation (E.4). We proceed by
conjecturing that the solution involves II = 1, and showing that a solution can be constructed
that satisfies all of the equations just listed.

We first observe that (E.4) implies that a steady state with II = 1 must satisfy H = K.
Given this, (E.8) requires that A = 1, so that there is zero price dispersion. Condition (E.9)
holds as well if and only if Y is the output level implicitly defined by

o 07 o
(1_§)UY (Y7€) = Q/ile (Ya€)7 (E13)
and H = K = (1 —_Oéﬁ)_l %UY (Y, o) Y.
Because f (1, Z ) =0, (E.12) reduces to the eigenvector equation

(a®4(Z2) —1,)© =0 (E.14)
where
1 fe-Dt) _(-Diac)
7 @ a(0w+1 a(fw+1
Dy(2) = H(a—l)((w—:l)) 1 9(&-1?(@1)
a(w+1) o(fw+1)

Since ®z(Z)" has an eigenvector [—1, 1], with eigenvalue 1/, (E.14) is satisfied if and only
lf @2 - —@1. - —
Conditions (E.10)—(E.11) in turn allow us to determine the values 6,0. Given that

fa (A, Z) = « and

Gy (V,8) = { “gﬁfﬁjﬁjg) ]

we obtain

v
1= (w+o)

él - —ézz

where 011
y=1--_--"°
0 pv
is a measure of the degree of inefficiency of the steady-state output level Y. Here we use

the fact that Uy = uy — vy = Vuy and uyy —vyy = =% (w (1 — V) + 07 '). (The first of
these equations explains our interpretation of ¥ as a measure of the degree of inefficiency: a
positive value of U indicates that utility would be increased by raising Y, maintaining zero

price dispersion and hence an equal level of production of each of the differentiated goods.)

E.3 Canonical Decomposition of A — il

Evaluating the derivatives of F'() and g () at the steady state, we can then construct the
matrices A and I :

- 0 a8 0 0
A = ng} = | an oﬂ -1 0
asy 0 0 -1
= [ —BD\F v ﬁ(zl—axe—l) /3(1—?1)(9—1)
D= | Dy ]: - _Ozg(;t o ey L A e |
00 S5 —ab-S=
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where
CL21:(1—§)Uy(1—0'_1), &31:(1—§)UY(1—|—UJ).

The matrix pencil A — pI pencil satisfies Assumption 2. We first determine the minimal
degree associated with the matrix pencil A — pl. Following Gantmacher (1959, chap. 12,
p. 30), the minimal degree of the matrix pencil A — pl is the least value of the index [ for
which the rank of the matrix

lil
T A 0 07
-1 A
My=1 o0 -JI 0
. i
0 0 T |

satisfies
rank (M;) < (14 1) m.

We observe that rank(Mp) =4 = (0 + 1) 4, rank(M;) = 8 = (1 + 1) 4, but that rank(M;) =
11 < (2+1)4 = 12. The minimal degree of the matrix pencil A — uI is therefore 7 = 2, so
that g=n—n=1.

It follows from Lemma 3 that there exist nonsingular matrices P and () of dimensions
3 x 3 and 4 x 4 respectively that satisfy

p 0 0

i = 1 ,U/ O

(A=pl)=Q | 4 0 P
0 0 By—pds
These matrices are given by
1 0 asn asn
fA+a) 0 g3 g 0 fazn (o j; 1) — g3 Baz (o 42_ 1) = o
o= ag® 0 0 0 |° P=10 af an aflas
B 0 0

0 1 0 O

where rank(Q!) = 4 and rank(P) = 3, and o3, o4 Satisfy g3 — qoa = a3 (a91 — az) . We
also have By = o and J, = 1.

E.4 Target Variables

When evaluating the second derivatives of F'(), g () and the objective function 7 () at the
optimal steady state, the target variables 7; and the target values 7} are given by

T = —[SU+ Ryi—1 + BR Eii11] i
T, = { Dy [(Din)'] + (&' @ 14) D2 [(D19)'] } &,
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where the matrices S and R reduce to

S = Dy [(Di7)] +60D: [(D1F)] + (0" ® L) {D1 [(D1g)'] + 87" D3 [(Dsg)'] }

Uyy + ©'gyy Uya O1x2
— UAY O . _ _ O].X% 9
0 0 0fz2(AZ)+ (0 ® L) adyy

— 7 n_ Oax1 O2x1 O2x2
R = 6D; [(DlF)] = { Oos 1 9fZA (A,Z) O2x2 } '

Here, we use properties of the second derivatives of F' () and g (): D3 [(D3F)’] =0, Dy [(D1F)'] =
0, Dy [(DsF)] =0, Dy [(Dsg)'] = 0, Dy [(Dsg)'] =0, and

L B R N ML R A

where gyy = 0gy (Y, €)/0Y, gye = 0gy (Y, €)/0¢. Similarly, we use

= O X 0 X
(0'® L) D3 [(Dsg)'] = [ oii (é’®122) Zzﬁ%z ]

where &, = dvec (P4(Z)') /0Z'. Moreover, since

) Uye + O gye
{D, [(D17)'] + (0’ ® L) D5 [(D19)']} = Une ,

02x1

we can express the target gaps as

(Uyy + O'gyy) Y; + Uyaly + (Uyg + 0 ng) &,
TE— T =— UayYs + Bfza (A, Z)' ‘9EtZt+1 + Uneé;
(0f72 (A, 2) + (0" @ L) a®zz) Zy +0fza (A, Z) Ay

Linearizing the relationship implicitly defining Y;*, (4.6), we have
UyyYy" + Uyeé, + © (éwfﬁ* + QY&&) =0,
where Y;* = Y7 — Y. This allows us to rewrite the first element of 7, — 77 as
(Uyy +O'gyvy) Yo, + Uyady,

where z; = log (Y;/Y/*) = <}7t - }7{") /Y + O(€?) measures the welfare-relevant output gap.
The target gaps 7, — 7; can further be simplified, by noting that a linear approximation of

(E.4) yields
11—«
=———— |(H;, — K,
T T U+ wh) oK ( e t)
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where 7, = logII;. Using this and the fact that ©; = —©,, we obtain

fz(8.2)% = ~pot+a)| L |n

=

(@’ ®Iz) Oéq)ZZZt = (:) 9(0.1 + 1) |: _11 :| ¢,

so that the target gaps can be rewritten as

(UYY + ©'gy )_5735& +~UYAAt
UnyYy + Bfza (8, 2) 0B Ziss + Unef,
T =" 9w+ 1) ((@1 i) T — %((11;90‘:))&7» : (E.15)
—0 (UJ + 1) ((@1 — %) T — %((11+0():.1))At 1

E.5 Optimal Target Criterion
Since k; = 0, the general optimal target criterion (3.20) reduces to
O=z=[1 —B7'L B2L*]%y,
where
7A_1t = |: ]m—q 0 } Q_l (Tt - T:) .
Combining this with (E.15), we obtain
0 = [ 1-— (1 + CY) L+ OKL2 0 ag) — QQgﬁilL asy — QQ4571L ] (Tt — T:)
= (1 — OéL) (1 — L) ((Uyy + é/gYY) }_/{L't + UYAAt>

- 0 6 (1—a) «
+ (CL21 — &31) (1 — OCL) 0 ((AJ + 1) (<@1 — F) Ty — ?ﬁAtl) y (E16)
using (ga3 — go4) = @ (a1 — asz1) to obtain the last equality.
Noting furthermore that a first-order approximation of (E.6) around the optimal steady
state yields

OZ—At+fA( )At1+fZ( )Zt

or

(1—al)A, =0

for all ¢, we observe that the variable A, drops out from the target criterion, so that (E.16)
reduces to

0=(1—-al)|(Upy +0gyy)Y (1 — L)z + (az — az1) 6 (w+ 1) (él—%)m},

or equivalently
O=1—-al)(m+o¢(1—L)zy),
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where the weight ¢ on changes in output gap fluctuations is given by

C % o1(V /01
o Gt _sersenon
(az1 — az1) 0 (w +1) (61 - %) O(w+o l+T(1—01))

To obtain the second equality in (E.17), we use (E.13) and the properties of the prefer-
ence functions “Y’é—iyz =o' (071 4+Y/C) and % = w(w—1). We thus obtain the
representation (4.5) for the optimal target criterion, as stated in the text.
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